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1 Introduction

The idea behind this lecture is to give an introduction to modular forms, essentially
from first principles. We will in our exposition follow Zagier [2] rather closely.
There are many ways to approach this task and I have chosen to focus only on full
level modular forms, i.e. modular forms for the full modular group. As the over-all
goal of these lecture, we will give a self-contained proof of one of the congruences
for partition numbers due to Ramanujan himself. So let us recall what partition
numbers are.

1.1 Partition numbers

A natural combinatorial question to ask is, in how many ways one can write a
number N as a sum of smaller, positive integers. If one are studying ordered
partitions, where the order of the integers matters then the answer is easy and we
leave it as an exercise.

Exercise 1. Show that
#{(nl,...7nm) | ni € Zs1,my+ ...+ 0y, = N} =N

If we however ask for the number of unordered partitions, denoted by p(n), then the
question gets extremely complicated. Ramanujan however succeeded in finding
an asymptotic formula to the amazement of his peers (as is portrayed in the
Hollywood movie "The Man Who Knew Infinity"!). Furthermore he discovered
certain congruences satisfied by p(n). We will in these notes present a self-
contained proof of the following incredible congruence

p(bn+4) =0 mod 5,
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using modular forms. The starting point is the following product representation
for the generating series (which we leave to the reader to verify):

[ = X ol

n>1 n>1

This product as a function of ¢ turns out to posses a number of beautiful symmetries,
which in essence is the subject of the theory of modular forms. Ramanujan
found a way to ingeniously make use of these symmetries to obtain his wonderful
congruences.

2 The modular group

The starting point for modular forms is the action of

SLy(R) = {(Z Z) ]a,b,c,dER,ad—bc:l}

on the Poincare upper half-plane H = {x + iy € C | y > 0} given by fractional
linear transformations;

az+b cH a b
Z = A — .
fy Cz+d7 7’7 c d

Observe that the element < 0 _01> acts trivially and hence some textbooks

works with the modified group PSLy(R) = SLy(R)/ £ 1

Exercise 2. Show that Tm vz = Im z/|cz + d|* and conclude vz € H. Finally
show that the above defines a group action (i.e. viqz = z, V' (7z) = (v/'7)2).

Clearly the above also defines an action of the (discrete) subgroup SLy(Z) on H,
which we call the (full) modular group.

The main object of study this week will be functions f : H — C which transforms
appropriately with respect to this action. First of all lets understand this action a
bit better.

Proposition 1. The region ' = {z € H | |z| > 1,|Rez| < 1/2} is a fundamen-
tal domain for the action of SLy(Z) on H. This means that for all z € H there
exists v € SLo(Z) such that vz € F and for all z,2' € F with z # 2’ we have
vz # 2 for all v € SLy(Z).



Proof. For any z € H there are only finitely many -y such that |cz 4+ d| < 1 (why?).
By the above exercise we know Imyz = Im z/|cz + d|? and thus there exists a
maximal vy € SLy(Z) such that

Im(vpz) > Im(~z), forally € SLy(Z).

Observe that the action of 7" := (1) 1) does not affect the imaginary part. Thus
we can choose a maximal 7, as above with | Reyz| < 1/2. By maximality we

0 -1
haveforS:<1 0)

Im(%z)
WOZ|2

Im(y92z) > Im(Sypz) =

Thus we conclude that [y2| > 1 and thus vz € F.
Now let z, 2’ € F with vz = 2’ and assume WLOG Im z < Im z’. Then we have

Im 2z

I <Imz = —""—+
mz <Imz oz + d]?

and so |cz + d| < 1. This inequality is however very restrictive since
lcz +d|* = (cx + d)* + (cy)?

and y > /3/2. Thus we must have |c| < 1 and we now just have to do some case
work.

If ¢ = 0 then d = +£1 is the only possibility and thus v = (iol ﬁl) Since

2,2 € F, the only possibility is |[n| < 1 and | Re z| = |Re 2/| = 1/2.
If ¢ = 1 then we have |cz + d| = |z + d| < 1 which is only possible if |z| = 1 and
d=0orz=w:=e*3 d=1lorz=w+landd = —1.

The case ¢ = —1 is completely analogous to ¢ = 1. B
This completes the proof since all equivalent pairs z, 2z’ € F' where shown to be
on the boundary. [

A few remark; from the above one can easily determine all fixed points of the
SLy(Z)-action and one can show that SLy(Z) is generated by the two matrices
S, T defined above.

Now we are ready to define the main object of study

Definition 1. A modular form of weight k is a holomorphic function f : H — C
satisfying two conditions



1 f(v2) =j(v,2)"f(2) = (cz +d)f f(2), z€H,y= (CCL 2) € SLy(Z)

2. f is "holomorphic at 0"
We denote the set of all modular forms of weight k by My (SLy(Z)).

This last condition requires some explanation; by the modular property we see
that f(z + 1) = f(2) and thus we can write f(z) = f(g) where f = f o 2% is

a holomorphic map defined on the annulus 0 < |¢| < 1. We know that f has a
Laurent expansion, which gives;

f(Z) — Z ane27rinz — Z anqn7 q= 627riz' (1)

nez nel

This is called the g-expansion of f. When y — oo we have €™ — 0, thus
g = 0 corresponds to a point at infinity (the cusp of SLy(Z)). We say that f is
"holomorphic at 00" if a,, = 0 for n < 0. If this is the case then f has a removable
singularity at ¢ = 0.

It is an important fact that modular forms only have a finite number of zeroes and
poles in 7. This follows since f is a holomorphic function defined in a bounded
region.

Exercise 3. Show that if f € My(SLy(Z)) for k odd then f =0

Of special interest are those modular forms with ag = 0, which we call cusp
forms. We denote all cusp forms of weight & by S, (SL2(Z)).

Exercise 4. Show that M,(SLy(Z)) and Si(SLy(Z)) admit a natural structure of
a C-vector space (by pointwise addition and scalar multiplication).

Exercise 5. Let f € My (SLy(Z)) and g € M(SLo(Z)) be modular forms
weight k and | respectively. Show that fg € M, x(SLo(Z)). Furthermore if
f € My(SLa(Z)) and g € S;(SLa(Z)) then fg € Si+x(SLa(Z)).This exercise
show that M.(SLy(7Z) has a natural structure of a graded algebra over C and
S.(SLy(Z)) is an ideal.

2.1 [Eisenstein series

Up until now we haven’t seen any examples of modular forms. For k£ = 0 we have
all constants functions. For £ > 4 even, we can define a modular form by the
method of averaging as

1 1
Gi(z) = = S 2
(m,n)#(0,0)
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We want to argue that this series converges to a holomorphic function. So let z be
contained in a compact set. The number of intergers m, n such that

N <|mz+n| <N +1,

is uniformly bounded by a constant times the number of lattice points in the annulus
of area m(N + 1) — 7 N2. It should be clear that this count is O(N). Thus we
have the following bound

D

m,n

(m,n)#(0,0)

1 < N
(mz+n)k| = | G2 N¥

which converges for £ > 4. Since the convergence is locally uniform, we know
that Gy (z) defines a holomorphic function. Note that the sum in (2) does not
converge absolutely for £ = 2. We will however see later that we can define a
certain Eisenstein series of weight 2 by being a bit more careful.

Exercise 6. Show that Gy(z) for k > 4 satisfy the modular transformation rule.

In order to show that G(z) is actually a modular form we need to calculate its
g-expansion.

Lemma 1. For k > 4 we have the following q-expansion

(27i)k

Z Ok—1 (n)qn’

n>1

where ((s) = 3,51 n”~° is the famous Riemann zeta-function and os(n) = >dn -

Proof. The starting point is the following identity due to Euler (we will omit the

proof)
1 1 1
T —-+Y + , z2e€C\Z 3)

tanmz z n212+” zZ—n

Now the left hand-side is periodic of period one and its Fourier expansion can be
calculated in the following way for z € H

(T2 —Tiz —mi(1 1
m__ meosmz _ m(e. +e” ) _ —mi(l+q) e
tan wz sin 7z (emiz — e~miz) 1—g¢q 2 3



Now differentiating (3) a total of £ — 1 times (which can be done term-wise by

locally uniform convergence) and using the above we arrive, after dividing by
(=1)*1(k —1)!, at

1 —2mi )k b1 n
Z(z—l—n)k:((k—l))!zn K *

neL

We now split the sum in (2) into those with ¢ = 0 and ¢ # 0
1

Gl =3ty XY

P
nt0 1 2 o Zoner, (mz + n)*

(2mi)* mn
+Z P Zkl

m>0 n>1

= ((k) + (ECZiZ)l)! ;U’c—l(n)qn

using that for even k£ we have ), . m = ez m This finishes the

proof. 0

A famous calculation of Euler yields for even &

(k) = =

where B denotes the £th Bernoulli number defined by

Bkl’
- )
k>1

of which the first few values are By = 1/6, By = —1/30, Bg = 1/42.
We now define a convenient re-scaling of G (2)

Ep(z) = (k) 'Gr(z) =1 = == > or_1(n)q"”,

n>1

which we call the weight £ (holomorphic) Eisenstein series. Using the values
for the Bernoulli numbers above we have

Ey(z) =1+240 o3(n)q",

n>1

Eg(z) =1—-504) o5(n)q

n>1



Exercise 7. Show that

Ek(z):; S (mz )k

m,neL
ged(m,n)=1
As the above g-expansion shows the Eisenstein series are not cusp forms. We can
now however define one.

Exercise 8. Show that A(z) := =52(E4(2)* — Eg(2)?) is a cusp form of weight

12 different from zero. (This is the famous Ramanujan A-function).

The coefficients in the g-expansion

Alz) = > 7(n)g"
n>1
are called the Ramanujan tau-function, which has a number of very fascinating
properties (note that 7(1) = 1), which we will not touch upon.

2.2 The dimension formula

As we saw in the exercise M, (SLo(Z)) is a vector space. An important result is
that one can actually calculate the dimension.

Recall that the zeroes and poles of a holomorphic function is a discrete set. In
particular there are only finitely many zeroes and poles in any bounded region.
A modular form does not quite define a function on the quotient SLy(Z)\H. We
can however for a point in SLy(Z)\H define the order as the smallest n such that
a, # 0 in the Taylor expansion at any representative in H, which one checks is
well-defined using the modular transformation rule.

In order to calculate the dimensions of M (SLy(Z)) we take advantage of the
geometry of the fundamental region as described above. We will rely on complex
analysis and do a contour integral along the boundary of F' (or a modified version)
with e-neighborhoods removed around the special points 7, w, w+ 1, co. This leads
to The Valence Formula.

Proposition 2 (The Valence Formula). Let f € M (SLy(Z)) be a weight k
modular form different from zero. Then we have

d k
> 2D ()=
peSL,z\m P

where np = 2 or 3 if P is equivalent to i or w and np = 1 otherwise (here
P € SLy(Z)\H means that P runs through a set of representatives of the quotient
space and as mentioned above the order of such a representative is well-defined).
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Proof. The main ingredient is Cauchy’s formula for a meromorphic function g

;m[Yg/(z)dz = > ordp(g),

g(Z) PeQ

where 7 is a simple, closed curve bounding the region €2 and ordp(g) is the order
of g at P (recall that ordp(g) = 0 for all but finitely many P since the set of zeroes
and poles is discrete).

We will apply this formula to path o (avoiding poles or zeroes of f), which is
a modified version of the boundary of /. We construct ¢ by removing a circle
segment of radius € around 7, w,w + 1 and a neighborhood at infinity; Im 2z > Y
(corresponding to 0 < |q| < e~?™) and finally correcting by small semi-circles
around the poles on the boundary.

b <
’ e STRE

As we already mentioned f only has a finite number of poles and zeroes in F.
Thus if we make € small enough and Y big enough (so that o incloses all poles and



zeroes of f, except those possibly at i, w,w + 1, 00), we get by Cauchy’s formula

11 f'()

— dz = d

— o peg@)wor p(f)
P#iw

since np = 1in this case. Now we analyze the integral on the left hand-side above.

Since f(z) = f(z + 1) the integral along the vertical lines +1/2 cancel.
The integral [—1/2 + iY, 1/2 + Y] yields after a change of variable ¢ = ¢*™**

1 ! 1 !
27 Ji—1/24iva/2+iv] f(2) 271 Jigl=e—2v f(q)
Now the integral along the circle segment at w yields
1 /
1 re,

2mi Je,. f(2)
— 1 /C%6 OrdW(f)dZ‘i‘l./cw’E fo(Z)dZ

T omi z 2mi
d,, /2 1
:frm/ 1wmf/ﬁ@m
2T 7/6+0(c) 2mi Je, .
which converges to —%(f) as ¢ — 0 and similarly for the integral along Cy 1 .

A very similar argument (do it!) yields that C.; converges to —%(f). By the
modular property f(—1/z) = 2* f(2), we get

RN C VI N (PR

z

270 Jou. f(2) S oo f(2) “ T omi

By the above we get that

YRR Y S (C PR

o Jov. f(2)° " 2mi

)7 12

as ¢ — 0 since o9 will converge to 1/12-th of the unit circle.
Adding up all the contributions this yields the desired result in the limite — 0. [

Exercise 9. Use the valence formula to prove that A(z) # 0 for z € H

Corollary 1.

1 £]+1 k#£2 mod 12

| 13
dime (M (SLe(Z))) < {hkzj k=2 mod 12
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Proof. Choose P, ..., PL ki points in the interior of /. Then for any set
fi,..., fL k4 of modular forms of weight &, we can find a linear combination f,
which vanishes at all P; by solving the system of linear equations. By the valence
formula this implies f = 0. This gives the required bound for k£ # 2 (mod 12).
For & = 2 (mod 12) the valence formula yields that

2ord,(f) +3ord;(f) =1 mod 6
Since ord,,(f), ord;(f) > 0 this means that

ord,(f) ord;(f)
3 + 2

7
> _
6
In particular any modular form f of weight k£ can have at most L%J — 1 zeroes in

the interior of F'. Now the same argument as above yields the desired bound for
such k. O

From the above it follows that dim¢ (M (SL2(Z))) = 0 for £ < 0 and we have
already seen that dimc (M (SL2(Z))) = 0 for k odd. It turns out that these upper
bounds are sharp for £ > 0 and % even. This follows from the following

Lemma 2. The Eisenstein series E, and Eg are algebraically independent (over

C).

Proof. First of all it is enough to show that F4(z)® and Fg(2)? are algebraically
independent since if P(E,(z), Es(z)) = 0 then a short calculation shows that we
can write
[[ PSPy X, (-1)Y) = Q(X*Y?)

0<5<2,

0<j’<1
for some Q € C[X, Y] and now Q(E4(2)3, Es(2)?) = 0.
If Q(E4(2)3, Es(2)?) = 0 then by using the modular transformation rule, we see
that all homogenous parts Q¥ (E4(2)3, E¢(2)?) have to vanish identically. From
this it follows that for all d:

Q(d)(E4<Z)3/E6(Z>27 1) =0,

but since any non-zero polynomial has a finite number of roots, this implies that
we can write E4(z)% = AFg(2)? for some constant A € C.

Now if we consider the function f(z) = Eg(2)/E4(2), its square is equal to AEy(2)
and thus f cannot have any poles (not at infinity either). This means that f is a
modular form of weight 2, contradicting the inequality dim¢ (Mo (SLo(Z))) < 0.
This finishes the proof. [
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Exercise 10. Conclude from the above lemma that the bounds in Corollary 1 are
sharp.

Putting all this together we get the following structural description of M. (SLy(Z).

Corollary 2. M.(SLy(Z)) is freely generated by E, and Eg as a graded algebra
over C.

Now we know the dimensions of the space of modular forms, but what about the
subspace of cusp forms S, (SL2(7Z))? Actually this follows quite easily.

Exercise 11. Argue that there are no cusp forms of weight < 12. Show using the
valence formula that A(z) # 0 for z € H. Use this to show that multiplication by
A defines an isomorphism M, (SLy(Z)) = Si112(SLo(Z)).

3 Eisenstein series of weight 2 and the Serre deriva-
tive
As we already mentioned, the formula (2) does not converge for £ = 2. However

by using (4), if we fix the order of summation of m and n then we do get a
convergent series:

1 1 1 1
GZ(Z) = 27;)772 + 2%0 (ng (mz—l—n)2) )

which has the following Fourier expansion

Ga(2) = ((2) + (2mi)* 3 o1(n)g

n>1

by the above. We know from the above dimension formulas that this is not a
modular form, but it still satisfies some version of the modular transformation
rule.

Proposition 3. We have

G2(7’Z) = .7<77 Z>2G<Z> — Cj</77 Z)a
for~ € SLy(Z).
Proof. We will here present a proof due to Hecke and following Zagier [2].
Consider for € > 0 the following absolutely convergent series

1 1

Goc(z) = B) Z n2+25 Z Z

2¢e’
o m;éOTLGZ (mz +n)?mz + n|
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which satisfies the transformation rule

GZ,E(’YZ) = 3(77 Z)2|j<77 Z) ’2502,6(2)'

The point of the proof is now to show that lim. o G .(7z) exists and is equal to
G5(z) — m/2y. From this and the above, the result follows.
To do this we introduce the function

00 dt
1. ::/ ,
(2) oo (2 4+ )%z 4+ t|?*

which by a change of variable is equal to

. o0 dt I(¢)
L(z) =L :/ , ‘ - .6
(Z) (x"i_zy) . (m+@y—|—t)2|x+zy—l—t|25 ylt2e )

where

I(e) = / )
O = Er eI

Now we consider the difference

G (2 Z[ mz)

m>0

o0

1 n+1 dt
N = n2+2‘3 Z Z ( (mz +n)?|mz + nl? B /n (mz +t)?mz + t|25> ’

m>0neZ

where we note that the sum over m is absolutely convergent by (5). By the mean-
value theorem the summand above is bounded by O(|mz + n|37%%) and thus the
sum is absolutely convergent for ¢ > —1/2. Thus we can take the limit ¢ — 0
term by term to arrive at

hm (GQS Z I( mz)

m>0

_Zz<mz—l—n /:H (mz +t)? )

m>0neZ

=22

1
( + )‘
Sos \(mz +n)? mz+n+1 mz+n

Now it is easy to see that the following telescoping sum vanishes;

1 1 1 1
— = i — =0.
Z(mz—i—n—i—l mz—l—n) Nﬂ(mz—l—]\/—i—l mz—N)

neEL
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And thus the above limit equals G(z).
Now we see easily using (5) that

1(0) = /_O; 0 it@z - [_tii]oooo

and by direct computation, we get;

1(0) = /oo log(t* + 1>dt _ [L+1og(t? +1)
—oo  (t+1)? t+i

Using Taylor expansions, the above implies;

S L(mz) = 1(6) Y (my;”

m>0 m>0

=1(e)¢(1+2e)y 7% = (—7‘1’6 + 0(82)> (2

where we used that by partial summation

anx 1

((1+25):(1+5)/100 1S o =

as ¢ — 0. Thus we conclude that

Z I.(mz) — —7 /2y,

m>0

as € — 0. This finishes the proof.

As above we consider the following renormalized version;

6

Es(2) = EGQ(z) =1-24> o1(n)q".

n>1

As a first application we will derive a product expansion for the Ramanujan A-

function.

Corollary 3. We have

A(z) ==gq ];[ (1—q")*.

Proof. Denote by A the function defined by the above product, which we observe
is indeed absolutely convergent. We get directly that A is cuspidal at co and
non-zero for z € H. We will now prove that A is a cusp form of weight 12, and

14
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o0

—00
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(1)> 3/717257



thus conclude that A = A (by comparing the coefficient of ).
Since A(z) is non-zero we can consider its logarithmic derivative;

iﬁlogA(z) =1-24>"

271 0z 1

nqg"
1—qm

=1-24> o1(n)q",

n>1
which we recognized as F(z). Now using the proposition above we see that
1 0 A(yz)
——log | ————
211 0z gy, 2)12A(2)
12 ¢

= ](77 Z)_zEQ(fyz) - EQ(Z) - 277”](7 Z) =0

Thus we see that
A(vz) = C(7)j(7, 2)?A(z),

for some constant C'(7y), which we would like to show is equal to 1. We only have
to check this for the generators S, 7. It is obvious for 7" since A is 1-periodic and
it follows for S by considering

A(Sz) = C(9)2"2A(2)
at the point z = 1. [

Now we consider the following operator known as the Serre derivative acting on
smooth maps H — C;

, k
’lgk’f = f - EE2f7

1 0
27 0z °

where f' :=
Lemma 3. The Serre derivate ¥ defines a map My, (SLy(Z)) — My2(SLa(Z)).

Proof. Let f € My (SLy(Z)). By using chain rule, product rule and modularity
we see that

i, 2) 2 (v2) = (f(v2))
= (i () = 302 () + o, ) (2)

271
This shows that
/ . k+2 g1 ke . k+1
F'(02) = J 22 ) + (12 (2),
which combined with the proposition above, yields the wanted. [
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One can generalize the above to also apply to Fs itself. We leave this as an exercise.
Exercise 12. Show that ¥, FEy € M 4(SLy(Z)) and conclude that 9o Ey = —Ey4 /6.

With these tools at hand we are ready to finish off with our proof of the main
theorem following [1].

Theorem 1. We have the following congruence p(5n +4) =0 mod 5.
Proof. By looking at the Fourier expansions we see that coefficient for coefficient;
E,=1, Eg=FE, mod?5,

using Fermat’s theorem; n® = n (5) in the second congruence.

This implies together with the exercise above that
E} -~ E}!=F,— E2=—12E,=3E, mod 5.

On the other hand the above is connected to A as follows

Ej — E§
= 1728A
=3¢ [[(1—¢")*
n>1
= 3an21(1 - qn)25
IInZl(l __qn)
IIn>1(1 __q25n)
= 3¢—= mod 5,
[T>1(1—q)

using the binomial theorem and the fact that 5 | (22.5) for 0 < ¢ < 25 (why?). From
this we see that

E), =q H (1—¢*™) (Z p(n)q”) mod 5.

n>1 n>1

Now we compare the coefficients of ¢°" for n > 0 on both sides. For E} all of
these coeflicients are = 0 mod 5 and thus we get

(H (1- q25”)) (Z p(5n + 4)q5”+5) =0 mod 5.

n>1 n>1

Now the conclusion follows by an easy induction. 0
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