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My aim is to set up a purely algebraic theory of theta-functions.
Actually, since my methods are algebraic and not analytic, the functions
themselves will not dominate the picture — although they are there. The
basic idea is to construct canornical bases of all linear systems on all
abelian varieties. The result is that one gets a very complete description
first of the homogeneous coordinate ring of a single abelian variety, and
second of the moduli space of all abelian varieties. We shail obtain
explicit generators and relations for this moduli space. The homogeneous
coordinate rings of abelian varieties are very remarkable rings. Although
the abelian variety is a commutative group, these rings are acted upon
(with some restriction on degrees) by a 2-step nilpotent group. Unlike
the gffine coordinate rings of linear algebraic groups, they are nor Hopf
algebras. Their structure is dominated by a symmetry of a higher order
embodied in the thefa relation of Riemann (a quartic relation}. One
might say that this is the only class of rings not *‘essentially” isomorphic
to polynomial rings which we can describe so closely.

There are several interesting topics which I have not gone into in
this paper, but which can be investigated in the same spirit: for example,
the extension to inseparably polarized abelian varieties; a discussion of
the transformation theory of theta-functions, especially in connection
with the tower of moduli schemes; a discussion of the various standard
models of the irreducible representation space for the Heisenberg com-
mutation relations [and the adelic generalization] and the various ways
in which RiEMANN’S theta-function can be singled out in each of them;
an analysis of special theta-functions and special abelian varieties; an
analysis of degencrate theta functions and SATAKE'S compactification;
a tie-up between the global theory of moduli that we give, and the
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288 D. MUMFORD:

infinitesimal theory of KODAIRA-SPENCER-GROTHENDIECK. All of these
look like very fruitful topics. Incidentally, in § 6 there is a very annoying 8
in the main result which by all rights ought to be replaced by 4 [but I
nearly despaired of getting the 8 in the course of proving what I named
the ““Hardest lemma” in § 6].

This paper is heavily indebted to the influence and ideas of Bairy,
CARTIER, IGUSA, MAYER, SIEGEL, and WEIL. As an algebraist, I was
naturally not attracted to anything called a function, and it was only
because these six people all realized so clearly the significance of theta-
functions that the idea got across to me. More than that, many of the
key ideas are due to these people and especially to 1Gusa: the reader is
referred especially to the important papers [/, 2, 6, /1 and 12]. In parti-
cular, the beautiful and far-reaching fact that the theta-null values give
almost exactly the moduli space of a carefully chosen level is IGUsA’s idea.

In most of this paper, we will work over a fixed algebraically closed
ground field k. At first, &k will have any characteristic; later we will
exclude characteristic 2. Of course we use the language of schemes.
Also, if S is a finite set, # (S) denotes the cardinality of S.

A word of warning — and apology. There are several thousand
formulas in this paper which allow one or more “‘sign-like ambiguities™ :
i.e., alternate and symmetric but non-equivalent reformulations. These
occur in definitions and theorems. I have made a superhuman effort to
achieve consistency and even to make correct statements: but I still
cannot guarantee the result.

§1. The Basic Groups Acting on Linear Systems

X will denote an abelian variety for all of this paper. All varieties that
we will talk about will be abelian varieties; this will be mentioned from
time to time but not invariably. When we talk of an abelian variety X,
we always assume that a definite identity point ee X has been chosen:
hence a definite group law on X has been chosen. Moreover, the endo-
morphism of an abelian variety given by multiplication by n will be
denoted by nd. The inverse — & will be denoted 1. The kernel of né will be
denoted X,,.

Definition. If L is an invertible sheaf on X, then H(L) is the subgroup
of closed points xeX such that if T,: X—X denotes translation by x,
then TXL~L.

We recall the basic facts about invertible sheaves on an abelian
variety, and their sections (cf. [9], Ch. 6, § 2):

(D) L is ample if and only if H(L) is finite and I' (X, L") is not (0) for
all n>0.
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(I} If L is ample and dim X=g, then there is a positive integer d
such that
dim H°(X, )=d - n%, all nx1

dim H'(X, I")=0, all nx1, i=1.

(IIT) The integer d of (II) is called the degree of L, and if D is a divisor
on X defining L, i.e., Lo (D), then

(D¥)=d. g!

(IV) Let X be the dual of X. Let A(L): X — X be the usual homomor-
phism associated to L, i.e., if xeX, k then A(L)(x) is the point of X corre-
sponding to the sheaf T*(L)®L on X. Then

degree A(L)=d>.

(V) Let L'=1*L be the reflection of L in the origin. Then for all

integers n,
nZ+n n2—n

nd)*Lx(L) * ®E) * .

In this paper we shall be exclusively interested in invertible sheaves L
such that

a) L is ample.

b) If p=char (k), p ¥ degree (L).

We shall refer to such sheaves as ample sheaves of separable type.

Note that for such sheaves, by (IV), char (k) ¥ degree A(L), so A(L) is
separable. Since, by definition H(L) is the kernel of A(L), it follows that:

d?=cardinality H(L).

At this point, I can define the most central concept of the entire develop-
ment:

Definition. Let L be an ample invertible sheaf of separable type. Then
%(L) is the set of pairs (x, @), where x is a closed point of X and ¢ is an
isomorphism:

L % TrL.

First of all: %(L) is a group. Let (x, 9), (,¥)e¥ (L). Then the com-
position T o ¢:
L% T* LI, TN L)=T, L

is an isomorphism of L and T, L. Define

(Y:l//)°(x’¢)=(x+y5 Tx*'llo(p)'

20¢
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One checks immediately that this makes ¢ (L) into a group. Secondly,
the map taking (x, ¢) to x puts #(L) into the exact sequence:

0-k*>%(L)y—> H(L)~0.
Here %(L)—H (L) is surjective by the very definition of H(L), and the

kernel is the group of isomorphisms of L with itself: i.e., of multipli-
cations by non-zero constants in the ground field &.

Our first objective in this section is to give a complete structure
theorem for H(L) and ¥ (L) vis-a-vis this exact sequence. To this end,
we must first examine the situation:

XY
(*)
L 4';""M.

Here 7 stands for a separable isogeny of the abelian varieties X and ¥,
M stands for an invertible sheaf on Y and « stands for an isomorphism:

a: n*M5SL.
Let K be the kernel of zn: K is a finite subgroup of closed points of X.
Moreover, if xeK, then
L<—n*M=(no Tx)*M=Tx*(n*M)?~(—)> T¥L
defines an isomorphism of T¥L and L, so xe H(L). Thus K< H(L).
But let the reader beware — a key point is that if K< H(L) is an arbitrary
subgroup, then there does not necessarily exist an invertible sheaf M

on Y=X/K such that n* M~ L. In fact, as GROTHENDIECK’S theory of
descent teaches us, it is absolutely essential to consider the pair

(%, TF (@)oa™)

as an element of %(L). If the set of these is denoted K, then one checks
immediately that they form a subgroup of %(L). Namely:

(x, TF@oa o (y, T (@oa™")
=(x+y, TH{T @oa "} o (T (@)oa™"})
=(x+y, Th,@oa™").
In other words, we have split the extension ¥ (L)—- H(L) over K:
%(L)-— H(L)—0
u U
K = K.
Conversely, given a subgroup K< H(L), and a lifting K of K into % (L),
we have exactly the situation referred to by GROTHENDIECK as descent
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data for L with respect to the morphism
X-Y=X|K.

His main theorem (Theorem 1.1, § 8, [3]) says that there is a 1 —1 corre~
spondence between the set of invertible sheaves M on Y and isomorphisms
a:n* M5 L and the set of descent data for L with respect to n. We
make the definition:
Definition. A level subgroup K of 9(L) is a subgroup such that
k*n K=(0), i.e., K is isomorphic to its image K in H(L}.
Thus, our conclusion may be rephrased:
Proposition 1. There is a 1—1 correspondence between level sub-
groups K in 9(L) and pairs (x, o) as in (x) above.
What happens to the degrees in this situation? Note first that M is
certainly ample (cf. Theorem 2.6.2, Ch. 3, [5]). Say
d=degree L
r==degree(r)=cardinality(K).
Then if E is a Cartier divisor on Y representing M, n~'(E) is a Cartier
divisor on X representing L and
d-gl=(n"1(E))
=71 (E%)
=r(E9
=r-degree M . g!.
In particular, char (k) ) degree (M), so M is of separable type too.
And degree (M) =d|r. Moreover, it is possible to relate ¥(M) and %(L).
If the map assigning to X and L the group (L) was part of a functor,

we would expect there to exist a homomorphism from (L) to 4(M) or
vice versa. Actually, the situation is more complicated than that. In fact:

Proposition 2. Given the situation () above, let K=Xker (n) and let K
be the corresponding level subgroup over K.

iy 2 [HM)]cH(L).

centralizer
i) ~ . =<ze¥(L
of Kin 4(L)

Call this group 4{L)*.
i) (M) = FL)YK.

canonically

(In particular, (M) is a quotient of a subgroup of 4(L)).

the image of z in H(L)
) isin ' [H(M)] }
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Proof. Suppose yeY, and M=T} M. Then if xeX, and n(x)=y,
TS LT n*M
xn* TP M
st M
=L,
This proves (i). More precisely, if (y, Y)e % (M), we see that
(x, TX@on*Poa He%(L).

But x determines y, and the homomorphism T¥(@)on*oa™! deter-
mines . Therefore, this relation between elements of (M) and 4(L)
is actually a map:

Y(L)=>{(x, p)e G (L) | n(x)e H(M)} > F(M).

Call this subgroup #(L)*. This map is readily checked to be a homo-
morphism. Moreover, every ye H(M) is of the form n(x), some xe H(L);
and if some element (¥, ¢,) is in its image, then all other elements
(», @,) are in the image since @, is always a scalar multiple of ¢, . There-
fore ¥(M) is a quotient of ¥(L)*. One checks easily that the kernel is K,
and this proves (iii). Finally, (ii) is a consequence of descent theory.
According to this theory, suppose M, and M, are obtained by descending
(over a faithfully flat morphism =) sheaves L, =n* M, and L, =n*M,.
Then the set of homomorphisms from M, to M, is the same as the set
of homomorphisms from L, to L, that “commute” with the descent
data. In our case, M is obtained by descending L via the identifications:

L—2-T¥L, all (w,¢)eK,

and if y=n(x)e¥;, then T} M is obtained by descending 77 L via the
identifications . _
TFL-T%TH L, all (w,e)eK.

Therefore, an isomorphism ¢ : L—TF L “descends” if and only if the
diagram:
L—2 > T¥L
¥ lrtwb

* Tho %
I L—=5T4,L

commutes, for all (w, @)eK. On the one hand, this means exactly that
(x, ¥) is in the centralizer of K; on the other hand, y descends to an
isomorphism of M and T} M if and only if ye H(M), i.e., (x, Y)e G (L)*.
This proves (i)). Q.E.D.
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Now consider the extension ¢ (L) of H(L) by k*. Note first that k*
is contained in the center of ¥(L). This follows immediately from the
definition of multiplication in ¥ (L). The extension defines the following
invariant:

-1 -1

{Given x,yeH(L), let X,7e%(L) lie over x,y.
y

Set e“(x,y)=x-7-%

It is immediate that this is well-defined, that e*(x, y) is an element of k*,
and that e is a skew-symmetric bilinear pairing from H(L) to k*: i.e.,

(a) eL(xl +x3, y) =eL(x19 y) ’ eL(x29 y)’
(b) e*(x, x) =1, hence e"(x, ) =e“(y, x)7 .

Moreover, because k* is_ divisible, for all subgroups K< H(L),
there exists a level subgroup K over K if and only if e*=1 on K. To see
this, first start with a single element xe K. Let X'e (L) lie over x. If [ is
the order of x, then (X’) must be in k*. Let aek™® be an Ith root of
()", and let ¥=X"-«~ . Then X lies over x and also has order /. Now
writing K as a direct sum of cyclic groups, and lifting its generators x; by
this procedure, we see that since el=1 on K, the elements X; generate a
level subgroup K over K. Conversely, if K exists, then K is commutative,
soel=1on K.

The following conditions are readily seen to be equivalent:

i) k* =center [Z(L)].

i) e” is non-degenerate: i.e., Yxe H(L), there exists a ye H(L) such
that e (x, y) %1,

iii) there are subgroups K, K, in H(L) such that H(L)=K, ®K;,
el(x, y)=1if x, yeK, or if x, yeK, and e" is a non-degenerate pairing
of K, and K, — i.e., makes

K,=Hom(K,, k*).

In fact, i) and ii) are trivially equivalent and are implied by iii). To go
from ii) to iii), one just mimics the standard procedure for putting
skew-symmetric pairings in canonical form.

Theorem 1. The above condition on %4(L) is, in fact, satisfied.

Proof. Let K be a maximal level subgroup in %(L) and let K be its
image in H(L). Then K is a maximal subgroup of H(L) on which k=1,
and the centralizer of K in % (L) is just k* - K. Let Y=X/K and let M
be the sheaf on Y obtained by descending L. Then according to our
description of H(M) given above, H(M)={0}: in other words, A has
degree 1. But since degree M =d/r, where r=cardinality of K, this
means that the cardinality of K is 4. Now suppose Hy< H(L) is the
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degenerate space of e — the set of elements xe H(L) such that e*(x, y) =1,
all ye H(L). Then H(L)/H, satisfies conditions ii) and iii); therefore

#(H(L)/Ho)=1?

and there exist maximal subgroups K’'< H(L)/H, on which ef=1 of
cardinality /. Now if K is the inverse image of K’ in H(L), we see:

d*=#(K)
=#(Ho)*- I?
=4 (H,)* - #(H(L)/H,)
=4 (Ho) - #(H(L))
= 4 (H,) - d>

Therefore H,=(0). Q.E.D.

Definition. Let L be an ample invertible sheaf of separable type.
By Theorem 1, the elementary divisors on H(L) occur in pairs. Let

d=(dy, dy, ..., dy)

be the sequence of positive integers such that d;.|d;, d;>1, and such
that
dy,dy,dy,ds, ..., dg, dy)

are the elementary divisors on A (L). Then L will be said to be of type 8.
Note that char (k) / d, in this sequence. Now reversing the process:
Definition. Let 6 =(d,, ..., d;) be a sequence as above. Let

k

K(5)=.(~BIZ/diZ
K(8)=Hom(K(3), k*)
HE)=K(0) @ K.
Let 4(9), as a set, be the product
K* x K(8) x K (3).
Define a group law on %(8) via
,x, - @, x, =@ o -I'(x),x+x", 1 +1).
Corollary of Th. 1. If L is of type 6, then the sequence
0-k*->%(L)>H(L)-0
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is isomorphic to the sequence:
0-k*>%(5) - H(S) »0.

Proof. As in condition (jii) preceding the theorem, let H(L)=K; @ K,
and let K; be a level subgroup over K;. Choose any isomorphism «
between K, and K (§), and then map K, onto K (&) via

p: K, = Hom(K;, k*) = Hom(K (8), k*)=K(5).

viae viaa

If we require that (1, x, 0) correspond to the point of K Lovera~ 1 (x)ek,,
and (1,0, /) correspond to the point K, over f~'(/)eK,, then this
determines an isomorphism of %(6) and 9(L). Q.E.D.

So far, we have considered % (L) only as a group in its own right,
and as the set of all possible descent data for L with respect to isogenies.
What makes this game more exciting however is that (L) acts on
rx,Ly:

Definition. Let z=(x, p)e %(L). Then define U,: I'(X, L)-T' (X, L) by
U.()=TZ(o(s))

for all seI'(X, L) [i.e., ¢ (s5) is a section of 7F L and T*,(¢(s)) is a section
of L=T*_(T*L)].

This is an action of the group ¢(L) since if z=(x, @), w=(y, ¥), then
U (V) =T, {y (T2 (0 )}
=T%, [TE(W(TX (0 s)]
=T, [T W) (e5)]
=Ugty, 12 o n)(8)-

Also, the center k* of 4(L) acts on I'(X, L) by its natural character:
ie., aek* acts on I'(X, L) as multiplication by «. Such representations
are rather limited:

Proposition 3. 4(5) has a unique irreducible representation in which k*
acts by its natural character. Suppose that this representation is denoted by
V(0). Then if V is any representation of 9(5) in which k* acts in this way,
V' is isomorphic to the direct sum of V() with itself r-times for some r.
Moreover, if K =% (5) is any maximal level subgroup,

r=dim, (V'5).

(Here v is the subspace of V of K -invariants.)
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We give a complete proof here since it is quite instructive. The result
is an exact analog of a very general theorem of MACKEyY [8].

Proof. Let V be an irreducible representation of %(3). Pick a maximal
level subgroup K. Then _since K is commutative and char (k) } car-
dinality K, the action of K can be diagonalized: i.e.,

V= ®_ Y,
x € Hom (K, k*)
where V, is the eigenspace with weight y. Now let ye %(0). Then there is a
unique character ¥* of K defined by:

y lizoy=9(2)-z, all zeKk,

and if seV, , then one checks easily that U,(s)eV,, ;v (here U, is the
given representation). Moreover, note that the mapping y—y” defines
an isomorphism y:

G(S)[k* - I~<—:'~»Hom(l~(, k*).

Therefore: (a) if ¥,+(0) for one x, then V,+0 for all x. (b) If seV,,,
then the elements U,(s) span a subspace W of V such that WnV, is
one-dimensional for all . It follows that if V' is irreducible, dim V, =1
for all y. Now choose an arbitrary section o:

g(é)ég(a)/k*-k.

Moreover, choose a non-zero element s(0)eV,. Then for all yeHom (IE, k*),
set S(1)=U,(y-1()(5(0)). Clearly {s(x)} form a basis of V. It is easily
checked that the matrices giving the representation of ¢(4) in terms of
this basis depend only on the section a. Therefore, all irreducible represen-
tations V are isomorphic. The last two assertions about a general repre-
sentation ¥ follow immediately from the complete reducibility of such
representations. In fact, let m=order of H(6). Then the set of elements
xe%(6) such that x"=1 form a finite subgroup ¥(6) =% (d). Since
k*%(6) =%(9), a representation ¥V of %4(J) in which k* acts by its
natural character is completely reducible if and only if it is completely
reducible as a representation of (LY. But char (k) /' order (4(L)'), so
representations of ¥(L)’ are completely reducible.

dim (V) =dim V=1

if Vis irreducible. Q.E.D.

There are several natural ways to write down this unique irreducible
representation explicitly. These explicit representations and the trans-
formations between them have been closely studied by WEIL [/2]. The
simplest is:
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Definition. Let V(d) be the vector space of functions f on K(3) with
values in k. Let %(0) act on this by:

W5, ) =0 1(y) - f(x+y).

Here we see clearly that we have the discrete analog of the usual
irreducible representation of the Heisenberg Commutation relations:
in integrated form, that representation is the action a) of multiplication
by unitary characters, b) of translation operators, on L? of a real vector
space.

Theorem 2. If L is an ample invertible sheaf of separable type, then
I'(X, L) is an irreducible %{L)-module.

Proof. Let K< % (L) be a maximal level subgroup. Let K be its image
in H(L), let Y=X/K, and let M be the sheaf on Y such that L=n*M
(n: X—Y being the projection). Then, as we have seen above, the maxi-
mality of K implies that M is an ample invertible sheaf of degree 1.
Therefore,

dimI(Y,M)=1.

On the other hand, by the theory of descent, n* maps the sections of M
onto the space of sections of L invariant under K. Therefore

dimI(X,LX=1. Q.E.D.

This irreducibility has an important application: it makes possible a
simple direct construction of the variety of moduli of abelian varieties.
In fact, this method of constructing the moduli space is nothing but the
method of theta functions applied by BAILY in the classical case. It
turns out that, when suitably algebraicized, it is perfectly applicable in
all characteristics, at least to separably polarized abelian varieties, in
char = 2. The basic idea is this: suppose we are given

(i) an abelian variety X,

(ii) a very ample invertible sheaf L of separable type,

(iii) an isomorphism o of ¥(L) and %(J) which is the identity on the
subgroups k*.

Note that if i) and ii) are given, then there is only a finite set of data

iii): so adding data of type (iii) means that one passes from the set of
isomorphism classes of objects (X, L) to a finite covering of this set.

Definition. Given X and L as in (i), (ii) above, data of type (iii) will
be called 9-structures on (X, L).

If X,L and a 3-structure are given, they determine in a canonical
way one projective embedding of X [n.b. not just an equivalence class of
projectively equivalent embeddings].
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Step I. Since I'(X, L) is the unique irreducible representation of
% (L) and V(d) is the unique irreducible representation of ¥ (), among
representations which restrict to the natural character on k*, there is an
isomorphism
B: I'(X,L)-~5V(5),

unique up to scalar multiples, such that

ﬁ { Ux(s)} = Ua (x) (ﬂ (S))
all xe¥9 (L), sel' (X, L).
Step II. B induces a completely unique isomorphism

P(p): P[I(X,L)]——>P[V(9)]

of projective spaces. Now pick, once and for all, a basis {X;} of V(5) —
say by ordering the elements a, ..., a,, of K(6) and taking X, as the
delta function at g;. Then this defines an isomorphism:

P(V(8))~ > Pp-1.

Here m =cardinality {K(5)}
=degree (L).
Step III. Since L is very ample, there is a canonical embedding

I: X < P[I['(X,L)].

Then J=yoP{(B)oI is the canonical embedding of X in P, which we
claimed existed.

The most striking consequence of having defined a canonical embed-
ding is that this defines a canonical point in P, _, too: namely J(e),
where ec X is the identity point.

Definition. J(e)eP,,_, will be called the theta-null point attached to
X, L and the given 3-structure. The homogeneous coordinates of J(e)
will be called the theta-null values of X, L and the given 3-structure.

The ideas that we have indicated here will be fully developed in § 6.

We can make the connection of our theory with the classical theory
of theta-functions more explicit, and in particular motivate our termino-
logy ““theta-null values”, in the following way. The classical theta func-
tions (when k =C) arise as follows: if g=dim X, then C#* is the universal
covering space of X. Let o, denote the trivial complex analytic invertible
sheaf on C%: i.e., the sheaf of holomorphic functions itself. Let n: CE—>X
be the projection. Then one chooses “very carefully” an isomorphism

Ar w* (L) =041
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of sheaves on C3 (here L,,; denotes the complex analytic invertible sheaf
corresponding to the algebraic invertible sheaf L). Then for all

sel(X,L)=I(X, Ly,

O,=A(n*(s)) is a holomorphic function on C#: this is the theta function
corresponding to s and in this way I'(X, L) can be identified with a
vector space of functions on C% We cannot imitate this procedure
algebraically because L$ ox. However, L restricted to any finite set is
isomorphic to o5 on that set. In particular we can use the structure of
% (L) to construct nearly canonical isomorphisms of L and oy when
restricted to H(L).

Definition. Let x be a closed point of X. Then let
L(x)=L, ®,, x(x),

when L, is the stalk of L at x and x(x) is the residue field of o,.
Now choose:

a) a J-structure
o 4(L)-"=5%) for L,

b) an isomorphism
Aot L(0)—"5k.

Let the 3-structure induce the isomorphism a:

0—k*—~%(L)—H(L)—0

Lok

0—k* > %(5) - H(5) —0.

There is a canonical section of 4(6) over H(J) obtained by mapping
(x, De H(S) back to (1, x, [)e 9 (5). This induces a section o: H(L)—>%(L).
In particular, for all we H(L), this gives us an element o (W) =(w, ¢,,)e (L),
where ¢,, is an isomorphism:

¢,: L— T: (L).
Now we can use ¢,, to define the composite isomorphism:
_ ok ~ ~
L(w)=T, L(0) WL(O) e k.

Call this 4,. The collection of isomorphisms {4,} is nothing but an
isomorphism of the two sheaves L and oy restricted to H(L).

Definition. For all ze H(§) and seI'(X, L), let w=& !(z) and then
define

Or(2)= Ay (s1) =20(05, (T o) -
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(Here s|,, denotes the image of the section s in L(w).) The square brackets
around s are inserted to indicate the connection with the classical notation
for theta functions.

We now have a most surprising state of affairs. If a 3-structure on L
is chosen, then we have 2 maps:
) rx, L)—';—» {k-valued functions on K(8)}=V(é),
(ID) rXx,Ly—~> {k-valued functions on H(8)}
both uniquely determined up to the ever-present scalar. For one thing,
this means that we can combine the two, and obtain 907 *: a trans-
formation taking functions on K(d) to functions on H(5). We will work
this out shortly. But first notice the essential contrast between the two
maps: the first is a purely group-theoretic affair and should reflect well
the group-theoretic properties of X — as we will see in § 3. The second,
like the concept of theta functions, is just a natural way of converting
sections of L into functions by “‘evaluating” at points, so that it will
respect multiplication of sections — i.e., it will extend to a homomor-
phism on the homogeneous coordinate ring @ I'(X, L") to the ring of

functions on H(6). The next step is to show that 3 too has good group-
theoretic properties, even if it is not defined by such properties:

Theorem 3. Let se ' (X, L) and ye %(L). Assume that

a)=B.x0), Pek*, xeK(), IeK().
Then
O, a(x’, 1)=B- =D (x): Opy(x"—x,I'=1).

Proof. The linear mapping
s> Ao(slo)

defines a linear functional A: I'(X, L)—k. Then, if w'eH(L), (x',I')=
a(w"), we have by definition:

O (', 1) =2 (s)
=2o(05 (T A(s)) o)
=(U;7'(s)

if y =, o,,)e9(L). But y' is the unique element of ¥ (L) over ' in
the section described above. Now:

Oy (> 1V =A(U; ' U (s))
=1(Uy:— 1. y(S)) .
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Butlet y™! .y =y.3", where yek* and y” is an element of (L) in the
distinguished section over H(L). Then

7-a{yy=a() " a(y)
:(ﬁa X, z}—i . (i, x’, i?)
=71 1) I ()" L& =x,I'=1).

Therefore, 3~ % =f - ('~ 1) (x), and a(y")=(1, x’—x, I'~1). This implies
that j
Oro,n(x, 1N=y7"- (U (5))

=8-('-D(x)- Oy(x'—x,I'~1). Q.ED.
Definition. Let 9(8) act on the vector space of functions on H(S) by
Vg ST D)= =D (x) - f(x' ~x, I~ 1).

Corollary 1. With respect to the above action, we have

O, 1= Van(Opsp) -
Corollary 2. Either O ;=0 for all seI'(X, L), or @py=0 only if s=0.

Proof. This follows because the kernel of @ is a subspace of I'(X, L)
invariant under %(L).

Corollary 3. Express the null-values of the functions © 4, by the formula:

@[s](0$ 0= Z B35)(2)- q.(2)
ze K{8)
with a suitable k-valued function qy on K(3) i.e. {g (a)} is the set of theta-
null values of X,L; cf.p. 298. Then the transformation ©o B~ is given by:

Opg-1 (%, D= g{a)i(x—z)-f(z-x)- qr(2).
Progf. Use the theorem with x’' =/ =0, #=1, and the signs of x,/
reversed, to obtain

@{Uy{s}}{asi}}= f(x}*i . Q{s}(’% h.

Put s=f"1f, use our expansion for the null-values and the Corollary
comes out. Q.E.D.

Another consequence of the irreducibility of I'(X, L) under %(L) is
that isogenies between abelian varieties induce canonical maps between
corresponding linear systems. Suppose we are in the following situation,
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which we studied in the first part of this section:
X—>Y

(*) Lé'a-"M.

Here 7 is a separable isogeny, L and M are ample invertible sheaves of
separable type and o is an isomorphism «: n*M=-L. Then (=, «)
induce a linear map:

§)) n*: I'(Y,M)-T(X,L).
And, as we saw, (#, ) induces an isomorphism:
3
@ e EO ~ g0,
K

where

i) K is the level subgroup over ker (n) which is the descent data on L
for n associated to the descended sheaf M,

ii) 9(L)* is the group of elements of ¥ (L) lying over the subgroup
n~! [H(M)]in X,

iii) ¥(L)* =centralizer of K.

Let 0, and &; be types of M and L respectively and let

jir 9(L) —-9(5,)
Jm: G(M)-"59(0,)
be 9-structures. Let the j’s induce isomorphisms:
B I'(X,L) —5V(6;)
Bu: T'(Y, M)-—"5V(6).
The problem arises: what is the composite map A=f,0n%o 3" :
V(S3) 225 (Y, M)~=T (X, L) 225 V(5)).
Theorem 4. Assume j (K) is a subgroup of the form {1} x K; x K,,
where Ky = K(6;), K, = K(5,). Let
Ki={xeK@)|l(x)=1, all leK,}
Ki={leK(@)|I(x)=1, all xeK,}.

Then j (9(L)*)=k* x K} x K%, and Ki|K, and K4|K, are canonically
dual. Assume that there is an isomorphism

o: KilKi~"-K(8y)
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such that if &: Kj|K, —»K(é;) is dual to o, then the following diagram
commutes: .
F(L)*|K -2 k* x (K1 /K ) % (K3 /K ,)
‘Ct{ e Xo X 3’
g (M) G (O)-

Then there is a scalar A such that for all f € V{(3y),

0 if x¢Ky
Af(ex) if xeKy

Aﬂn={

all xeK(8,).
Proof. Notice that n* is injective and that its image is I' (X, L)%, the
subspace of K-invariants. Moreover, I' (X, L) is a module over

*
g 90"

K
In fact, I'(X, L)* as @'-module is isomorphic to I'(Y, M) as 4(M)-
module. Therefore, I'(X, L)X is an irreducible %'-module. This means
that A4 is characterized, up to a scalar, by the 2 properties:
i) Im (4) =subspace of V(6;) of {1} x K, x K,-invariants.
i) If (o, x, Nek* x K x K3, then

U(o:‘x, t)(Af)=A(U(a,dx,f;l)f)s

all feV{(y).
It remains to check i} and ii) for the map 4 defined by our formula.
As for i), the formula gives

f=0 outside K7 }

finvariant under translations by elements of K

Im(4)= {f eV(3y

which is clearly the space of {1} x K, x K}-invariants. ii) is checked in a
straightforward way too. Q.E.D.

§2. Symmetric Invertible Sheaves

As in § 1, 12 X—X will denote the inverse morphism on an abelian
variety X. We assume in this section that char (k)=2.

Definition. An invertible sheaf L on an abelian variety X is symmetric
if *L~L.

Just as isomorphisms of L with T¥L were involved in the descent
of L with respect to isogenies X— Y, so isomorphisms of L and (*L are
involved in the descent of L with respect to X—X/{1, 1}.

21 Invent.math,, Bd. 1
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Definition. If X is an abelian variety, then the quotient of X by the
involution 7 will be denoted by Ky, the Kummer variety of X. Moreover,
X7 will denote the open subset of X consisting of X minus its points of
order 2, and K% will be the quotient of X7 by 1.

Note that X7 is just the set of points of X where {1, 1} acts freely.
If dimX =2, then K¥ is just the set of non-singular points of Ky and also
the maximal open set over which
n: X—Ky
is flat.
If L is a symmetric invertible sheaf, and

¢: L-"50*L

is an isomorphism of L with i*L, then for all closed points xeX, ¢ re-
stricts to an isomorphism:

o(x): L(x)—=51*L(x)=L(—x).

We can always uniquely normalize ¢ by demanding that ¢(0) is the
identity map from L(0) to L(0). Look at the composition:

L—2*L-22,**L)=L.

In general, :*@o @ must be given by multiplication by a constant a:
but if ¢(0) is the identity, then 1* @ o ¢ acts as the identity on L(0), so
a=1.

Definition. ¢ is a normalized isomorphism of L and 1*L if ¢(0)=
identity.

Definition. Let ¢: L—1*L be the normalized isomorphism. Let xeX
be a point of order 2. Define eL(x) to be the scalar o such that ¢ (x) is
multiplication by a (a.b. since 2x =0, L(—x)=L(x)).

First Properties.

i) ex(x)=%1, ex(0)=-+1.

ii) ePM(x)=ex(x) - ex (x).

iii) If ¢: X—> Y is a homomorphism, and L is a symmetric invertible
sheaf on Y, then
7 “(x)=ex(o(x)
for all xeX of order 2.
iv) If X is dual to X, let
e X,xX,-{+1}
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be the canonical pairing. If xe X,, and xeX 2, and if « corresponds to an
invertible sheaf L of order 2 on X, then L is symmetric and

ex(x)=e,(x, a).

Proofs. ii) and iii) are obvious. As for i), note that if ¢: L= *L
is the normalized isomorphism, then 1* ¢ o ¢ =identity, so for all closed
points xeX, @(—x)o¢(x)=identity. To prove iv), note that for any
closed point «eX corresponding to a sheaf L, —a corresponds to i*L.
Hence aeX ; implies L=:*L. Now recall the definition of e, (cf. [7],
pp. 188—189): let ¢ be an isomorphism

(25)*14-“—-—-)0)(.

Then if o is the canonical isomorphism, the following diagram commutes
up to a factor e,(x, a):
Q26)* L —2— o0y

o

TF(26)* L1225 T (oy) .

In particular, let ye X be such that 2y =x. Then looking at this diagram
at the point y we see that ¢{y) and ¢(—y) are maps from

L(x)=L(£2y)=(20)* L(£y) > 0x(1y)
|
k,
which differ from each other by e,(x, «). On the other hand, if ¢:

L-=50* L is the normalized isomorphism, then

(25)* L——J-’-—-——>ox

]
*(28)* L% 1% 0y

commutes (look at the diagram at 0). Therefore ¢ () and @ (—y) differ
by [(28)*y](p), i.e., by ¥(x). And (x) is by definition multiplication
by ek(x). Q.E.D.

Proposition 1. Let L be an invertible sheaf on X, and let n: X—Ky be
the projection. Then L is of the form n* M for some invertible sheaf M
on Ky if and only if L is symmetric and e5(x)=1 for all points xeX of
order 2.

Definition. A sheaf L satisfying the conditions of this Proposition
will be called totally symmetric.

21+



306 D. MUMFORD:

Proof of Proposition If L~n* M, then it follows immediately that L
is symmetric and eL(x)=1, all x. Conversely, assume these conditions
onLandlet Dbea d1v1sor on X such that L= o4 (D). Since L is symmetric,
171(D) is linearly equivalent to D: say

" Y(D)=D+(f).

Then:
D=:"'(1"1(D))
=1"'D+171(f)
=1 D+(* 1),
hence

@*f)-f=a, aek®
Replacing f by |/« - f, we may assume 1*f=f"'. Applying HILBERT'S
theorem 90 to the action of the group (1, z*) on the functxon field k(X)) of

X, it follows that

f=1*"g-g7!
for some gek(X). Now let

D'=D—(g).

Then it follows immediately that 1~ (D’)=D’. Now if we restrict D’ to
the subset X/ where 1 acts freely, this implies that D’ =n"* (E) for some
divisor E on K§. But this is not automatic at points x of order 2. However,
L2oy(D") and we have assumed the existence of an isomorphism

¢: L—=5*L
such that ¢(x) is the identity for all x of order 2. In other words, if
s.eL. is a generator of the stalk of L at x, then ¢(s,) differs from 1*(s,)
by an element of m, - L, (m, =the maximal ideal of the local ring at x).

Replacing L by ex(D’), this means that there is an aek* such that if £,
is a local equation for D’ at a point x of order 2, then

l*fanfx (mOdfx'mx)'

Itis clear that o= +1or —1.If a=—1, we replace D’ by D'+ (h), where A
is an element of £(X) such that 1*h= — A, so that we may assume a= + 1.
Now consider:

l*fx 'fx

*ftfe

/£~ is still a local equation for D', and 1* f]=f.. Therefore, f; is a local
equation at n(x) on Ky for a divisor E such that "' E=D’ at x. In this
way, we see that there is a globally defined (CaArTIER) divisor E on Ky
such that 7! E=D’, and hence n*(og, (E))=ox(D)=L. Q.E.D.

fi=
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Note that if Lis any invertible sheaf, then L ® 1* Lis totally symmetric:
so that there are plenty of very ample totally symmetric sheaves on X.
A useful remark about totally symmetric sheaves is that if L,, L, are
algebraically equivalent totally symmetric sheaves, then L, =L,. Put
in another way, no non-trivial totally symmetric sheaves are algebraically
equivalent to zero. In fact, let L, be the sheaf corresponding to the
closed point aeX. Then 1*L,~L_,, so L is symmetric if and only if
2a=e. Then my assertion follows from property (iv) above. Therefore,
totally symmetric invertible sheaves are a very convenient class of
sheaves to work with. In most of the sequel, we shall stick with this type
of sheaf and the corresponding projective embeddings.

Following further the ideas in the proof of Proposition 1, we get:

Proposition 2. Let D be a symmetric divisor, i.e., 1~ (D)=D, and let
L=0x(D). Then for all points x of order 2:

eh()=(-1" OO

where m(y)=multiplicity of D at y, for all closed points yeX.

Proof. Since D is the difference of 2 symmetric effective divisors, it
suffices to prove the Proposition when D is itself effective. Now define ¢
to be the composition:

L=0y(D)=0x(:" (D)) 1*[ox(D)]=1* L.

I claim that for all points y of order 2 (including 0), ¢ (y) is multiplication
by (= 1™ hence (—1)"?., ¢ is the normalized isomorphism of 1*L
and L and the result follows. To see this, let f, be a local equation of D
at y. Then 1* f,=a - f, where o is a unit in o, x. Since 1*a=a"!, and 1*
operates trivially on o,/m,, it follows that «= + 1 (mod m,). On the other
hand, by definition, ¢, at y, maps the generator f, of the stalk L, to the
generator 1*f, of the stalk (:*L),. Therefore ¢(y) is multiplication by
the scalar « mod m,. Finally, to compute « directly, let m=m(y), so that
femy—mytt,
The automorphism : acts on my/m§ as multiplication by —1, hence it
acts on m}/m™*! as multiplication by (—1)™. Then « mod m, is deter-

¥y
mined by the congruence:

a-f,=1*f,=(-1)"f,(mod m}*!). Q.E.D.

The analysis of symmetry in this section has proceeded along quite
different lines from the study of isomorphisms of L with its translates
given in the first section. Our next goal is to reinterpret the symmetry
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condition in general and €% in particular in group-theoretic terms invol-
ving 9(L) (actually, involving the groups ¢ (L") also). Now assume that L
is an ample symmetric sheaf of separable type.

Definition. Let §: L-""1* L be any isomorphism. Then if (x, p)e %(L),
consider the composition:

L-S5 3  LE@L* TR L
T* *L =¥ T* L.
Set
81 ((x, N =(—xAT2 )" e (T p)oy).

Note that §_ is independent of the choice of . One checks immedi-
ately that 0 _, is 2 homomorphism from %(L) to ¥(L) and that d_,0d_,
is the identity. In fact, é ., is an automorphism of % (L) that fits into the
diagram:

0-k*>%(L)->H(L)~>0

€ lid la_l l—1
0—k*>%(L)y->H(L)-0.
..y is, then, the reflection of the inverse 7 in the group #(L). The notation
§..4 is motivated by the following:
Definition. If ze %9 (L), and » is any integer, let
nt+n ni—n

8, (D)=(z) ¥ -[6-4()] % .

It is a straightforward calculation to check that &, is a homomorphism,
that §,,,=0,04d,, and that §, fits into a diagram:

0-k*>¥9(L)->H(L)—~0

(*)n nz-powerl lé,, lmult. by n

0-k*»%(L)>H(L)—-0.

We omit these calculations.
An important consequence of the existence of _, is that we nearly

have a canonical section of ¥(L) over H(L). In fact, if xe H(L), then
there will be exactly 2 elements ze% (L) over x such that

¢)) S_yz=z"".

Starting with any z,e%(L) over x, it follows that é_,zo=a-zp?,
where aek*. The most general element over x is of the form § - z,, flek*;
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and

6-1(Bzo)=p-a- (Bzo) ™"

Hence if f=a"%, + - z, are the elements over x satisfying formula (1).
Definition. Let F(L)={zeG(L)|d_,z=z"'}. If (x, p)e¥ (L), then
o will be called a symmetric isomorphism of L and TFL. 6_, and e, are
related by:
Proposition 3. Let L be an ample symmetric invertible sheaf of sepa-
rable type. Let ze 9(L) lie over a point xe H(L) of order 2. Then

§_(2)=ek(x) z.

Proof. Let z=(x, @), where ¢: L-"5TFL. Let f: L=51*L be a
normalized isomorphism. Then §_, z=(x, (TFy) 1o (1*@)o ). To com-
pare @ and (TX¢) ™' o (1* ) o, look at the induced maps that both define
from L(0) to L(x). In fact, the latter map gives:

L(O) ¢(O)‘L(0) @ (0) L(x) *ﬁ(x)*‘AL(x),

which differs from ¢ (0) by ek (x) = (x) 1. Therefore, (TF¢) 1o ((*p)o ¥
is the product of ¢ by the scalar ek(x). Q.E.D.

Unfortunately, this Proposition does not allow us to recapture the
invariant e from é_, unless H(L) contains all points of order 2. In fact,
there is yet another canonical homomorphism whose existence depends
on the symmetry of L. This involves the relation between %(L) and
%(L"). First, however, we define a trivial homomorphism which does
not require the symmetry of L:

Definition. Let L be an ample invertible sheaf of separable type,
and let » be an integer, n>2 such that char (k)fn. Let (x, p)e%(L).

Define

&,(x, (f'})z(xr (ﬂ® n)

where ¢®" stands for the isomorphism
e, X n
induced by o.
This defines a homomorphism ¢, fitting into the diagram:

0—— k" —— (L) — H(L) ——0
(%), po’:;‘e};l jen f;lusion

0 k* »G (L) H() >0
Also note that H(L) and H(L") are related by:
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Propositiond. If L is an arbitrary invertible sheaf on an abelian
variety X, then
H(IY={x|nxeH(L)}
and
H(L)=n-H(L).
Proof. In fact, H(L) and H(L") are the kernels of the homomorphisms:
AL): XX
ALY: X—X
mentioned at the beginning of § 1. But
A(LY=n-A(L)

(cf. [9], Ch. 6, p. 120). Therefore ker [A(L")] is the set of closed points
xe X such that n - xeker [A(L)]: this gives the first statement. Then H(L)
equals n - H(L") since the group of closed points of X is divisible. Q.E.D.

In contrast to g,, the symmetry of L is involved in the existence of a
non-trivial canonical homomorphism #,: 4(L")—>% (L) fitting into the
diagram:

0 sk* >4 (L) H() 0

(***)n n-th powerl ln,. lmult. by n

0——k*——%(L)—— H(L) 0.

Definition (of n,). Assume that L is symmetric. Start with z=
(x, p)e%(L™). Since L is symmetric, there is an isomorphism

y: IP"5(é)*L
(cf. § 1, (IV)). Consider the diagram:

r o LTI
T
v T*(n6* L)
(n&)*L--___
TS (o) TE L

By the previous Proposition, nxe H(L), hence there is some isomorphism
between L and T, L. Then there is a unique isomorphism p: L-=5TF L
such that

(6 p=T* Yo p® oy
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i.e,, such that with (n8)*p along the dotted line, the above diagram
commutes. Set

(%, @)=(nx, p).

One checks easily that 7, is independent of {, and is a homomorphism.
Proposition 5. Let 3,,: 4(L)y->%(L) and 6,,: 4(L")—>%(L") be the
homomorphisms defined above. Then

i) 0Ly on,=1,00"4,
ii) 80’ 0g,=¢g,00
(hence 0,,, for all m, commutes with n and €). Moreover,
iii) 0,=1,0 &,
iv) 8)=¢,0m,.

Proof. (i) and (ii) are verified easily by writing out the definitions:
this will be omitted. Also, (iii) follows from (iv). Namely, if we assume
(iv), then:

8,0 Ny =1,° 6,
= r’n ° 8” ° "ﬂ M
Since 7, is surjective, (iii) must hold. Now (iv) is harder: note first that
both 6, and ¢,0 5, fit in as dotted lines in the diagram:
0 k* >4 (L") H(L) >0

n2-power :
v

0 k* (I H(L)——0.

lmult. by n

Therefore, there is a homomorphism A: H(L")—k* such that

en((2))=h(z)- 6, (2)
(here ze 9(L") and Z is the image of z in H(L")). But then:
h(z)-0",(8,' 2)=6"4[h(z)- 5, (2)]

=6"1[en(nn2)]
=8n('1n(5,—,1 Z))
=h(3Z,2)-6,(8"12)
=h(-z)-6",z
=h(z)™"- 82,05, 2),

hence A(Z)=+1 for all ze%(L"). In particular, ¢,(n,(2)) =6, (z) for all
ze % (L") such that ze2 H(L").
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Now suppose that we have a separable isogeny:
[ YoX

and that we set M=f*L. If we set ¥(M)* equal to the subgroup of
elements z whose image in H(M) is in £~ '[H(L)], then as we know
from § 1, .

G(Ly=%(M)*/K

for some level subgroup K. Similarly, #(L) =% (M") */K,. It is easy to
check that 8", (9 (M™)*)c G (M"*, e (F(M*)=G(M™)*, n,(F(M")*)c
% (M)*, and that the diagram (s):

sy 5l
GO —= 9 (L)
L &n fn () &n
g(M)* ——9%(L)
commute, (here a, «, stand for the canonical maps). Now suppose, for
ze 4 (M™), &,(n,(2)) differs from 8, (z) by h(z). Then if ze ¥ (M™)*,
h(@)=oa(h(2)
=an(8n(nn(z)) : 5;1’(2)——1)
= en(nn(an Z)) * 5;7(“;1 Z)_ !
=h(%,z).
Therefore, if every element of f “Y(H(L™) is divisible by two in H(M™),
it follows that =1 on f~'(H(L"), hence k=1 on H(L"). It is easy to
make this the case, however: choose X=Y and f=24 for example. Then

M=~L* hence
H(M")={x|4xe H(L)}

fUH@EY]={x|2xeH()}. Q.E.D.

Consider, in particular, n,. This map alone seems to contain all the
useful canonical data to be extracted from the symmetry of L. On the
one hand, forming &, 01,, we obtain 6,: ¥(L)»>%(L). And since 6,(z) =
23 . 8_,(z), we can also reconstruct 6_, and hence all the maps J,. On
the other hand, unlike §_,, we can always reconstruct ek from #,:

Proposition 6. Let ze 9(L?) be an element of order 2 and let x be its
image in H(L?). Then y,(2) is in k* and

M2(2)=e5(x).
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Proof. Let z=(x, @), where ¢ is an isomorphism
¢: [P TFIA
Moreover, let
p: L—i*L
be a normalized isomorphism, and let
Yy LF—>Q26)*L
be an arbitrary isomorphism. Choose a point ye X such that 2y =x.

The first step is to consider the 2 maps:
e, P’ () (-5 (-y).

I claim that @ (3)= 4 p?(y). To see this, look at the diagram:

P T2
2 T.p?
® ' e
12 Vi
e

This diagram commutes: look at the induced maps at the origin
L(0)*> 290, L(x)*

(ﬁ)o p(0)2 lp(x)2
L(0)* 292, L(x)%

Since p(0)=1, and p(x)=ek(x)=+1, (B), commutes, so () commutes
also. On the other hand, look at diagram (f) at the point y. We find that

L(y)? —225 [(~y)?
P2 (» P2 (-~y)
L(—y)* 252, 1(y)?

commutes. Now since z=(x, @) has order 2, it follows that TXp=¢ .
In particular, @(—y)=¢(»)~!. Moreover, since p is normalized, we
know that 1*p=p~'. In particular, p(—»)=p(y)~'. Putting all this
together, we conclude:

P(N==%0®).
Therefore, p*(y) =0*(»).
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What is the definition of #,(z) ? According to our recipe, in this case,
1, (2) is the scalar « such that the diagram:

L4 @2 N T* L4
e
¥
T*(26)* L
Q8L

T 8L
commutes. Therefore, 1, (2) is the composite map:
L(x)

I
[28)" L] (n)£2°5 L (5) 225 L (- y) L4220 [(28)* LT (-)

L(x) s

(i.e., identifying the scalar n,(z) with multiplication by this scalar). By
our first result, it follows that

n2 (@)=Y (=»op( ey .
Thirdly, consider the diagram:

L4 p4 AI*L4
-
v * sk
1"(20)°L
@)*L ”
e 20)" L

This diagram commutes: look at the induced maps at the origin
L@©0)*-29% L(0)*
¥ (0)1 iww)
L(0) 29, 1.(0).
Since p(0)=1, this induced diagram commutes, hence so does the full

diagram of sheaves on X. Now look at the full diagram at the point y.
We find that

p()=[28)* p]1 M=V (=)o p(M*oy (™.
But, by definition, p(x)=ek(x); while we just proved that y(—y)o
p(* oy () =n,(2). Q.E.D.
Corollary 1. Let L be a symmetric invertible sheaf on an abelian
variety X, and let X, denote the group of points of order 2 on X. Then ek
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is a quadratic function from X, to {+1} whose associated bilinear form is
™™ (this is defined on X, x X, since X, < H(L?)). In other words:

ei(x+y)=€5(x)- ex(») - eV (x, ).
Proof. Let z, w be elements of ¥(L?) over x, y respectively such that
z2=w?=1. Then
(z-wil=z-w.z.w
=z-w.z t.w!
=e"(x, ).
Let B be a square root of X (x,y) in k*. Then p~1 . z- w is an element
of order 2 in ¥(L?) over x+y. Therefore

ex(x+y)- ()7 s
= (B -z W) - ()7 (W)
=n,(8)""
=f72
=e"(x,y). Q.E.D.

Note that all these members {except ) are +1. This is the reason
why the pairing e, which is always skew-symmetric, is also symmetric
on X,x X, and hence possible as the associated bilinear form to a
quadratic form,

Corollary 2. Let L be a symmetric invertible sheaf on an abelian
variety X. Then L is totally symmetric if and only if

ker(n,)={ze%(I»)|z*=1}.
Proof. Immediate.

Corollary 3. Let D be a symmetric divisor on an abelian variety X of
dimension r. Let X, be the set of points of order 2 at which D has even
multiplicity, and let X .. be the set where D has odd multiplicity. Then either

case i) #(Z,)=22"""1(2°+1),

#(Z_)=22r"5"1(25—1) for some integer s, 0<s=r.
case ii) Same as casei) with Z, ,X_ reversed.

case iii) #(Z)=#(Z_)=2""1

Proof. This follows from Prop. 2 of this section, Cor. 1, and the
elementary theory of quadratic forms over the field with 2 elements.

Corollary 4. Let L be a totally symmetric ample invertible sheaf of
separable type 5. Then H(L) contains all points of order 2 on X, hence if
6=(d,, ..., d,), then r=dim X and all d; are even.
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Proof. If L is of type 6=(d,, ..., d,), then r<dim X since H(4) is
isomorphic to a subgroup of X. Suppose you add some extra d’s equal
to 1 to make a total of dim X of them. Then by Proposition 4 and the
known structure of the group of points on X of finite order, L? is of
type 248. But if L is totally symmetric, then e =1 on points of order 2.
Since e is non-degenerate on H(L?), this means that every point of
order 2 is twice a point of order 4 in H(L?). Therefore H(L?) contains
the whole group X, of points of order 4 on X; hence H(L) contains X,.
Q.E.D.

The last point that I want to deal with in this section is to give a
normal form to the pair of groups % (L), 4(L?) and the maps between
them.

Definition. Let 6=(d,, d,, ..., d,) be a set of elementary divisors:
ie, deZ,d|d;, dz1. (N.b., we allow some I’s at the end.) Then 25
is the sequence of divisors (2d,, 2d,, ..., 2d,). We shall always regard
K@)=®Z|d,Z as a subgroup of KQ26)=@ Z/2d,Z under the map

{a,, ..., aq)~(2ay, ..., 2a,). Then the dual K/(E) is naturally a quotient
of K(?.\é). If leK(2\5), then I will denote its natural image in IE(\é). How-
ever, if leK/(S), then there is a unique l'eK(/Z\é) such that
I'(x)=1(2x)
for all xeK(26). This defines an injection of K/(E) into K(Z\é) that we
denote 2, i.e., we set
I'=2x1.
Definition. E,. 4(5)—»%(20) is the map
E,((a, %, D)) =(a?, x,2%1]).
Definition. D,: 4(6)—% () is the map
D, (& x, D)y=(", nx, nl).
Definition. Hy: 4(28)—%(9) is the map
H, (o, x, D)=(%,2x,1).
One checks immediately that E,, H, and D, are all homomorphisms.

Note also that
E,oH,=D, for %(20)

H2°E2=D2 fOI' g(é)
n2+n n2—n

D,(2)=z % -D_;(2) 2, al ze¥%()

just as was the case with g,  and 4.
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Definition. Let L be a totally symmetric ample invertible sheaf of
separable type 6. A J-structure

f: GL)-"595)
will be called symmetric if fod_;=D_,of. A pair of J-structures f,

for L and £, for L? will be called a symmetric $-structure for (L, L*) or a
compatible pair of symmetric 3-structures if

Jroea=E; 0 f;

Siomy=H,of;.
An isomorphism g H(L)-">H()

will be called symplectic if, for all z,, z,e H(L), g(z,)=(xy, 1), g(z5) =
, 1,), then _
(2. 12) e(L)(Zl,Zz)zlz(xx)'11(x2) n

Note that if f: 9(L)—>%(0) is any 9-structure, then the induced iso-
morphism of H(L) and H(d) is symplectic (check commutators!). Sum-
marizing the situation so far, we can draw up a chart of the possible
“markings” with which we can endow L, L? and L*. The solid arrows
indicate that a structure of one type automatically induces one of the
other. (Ignore dotted arrows.)

symplectic 4
isomorphism
ot H(IY), H(46)
/
symmetric }* symmetric }* ,7
J-structure ] 3-structure
for L, I? for I?
symplectic 5
isomorphism
ot H(D), H(26)
/
symmetric |/
S-structure
for L
symplectic )¢
isomorphism
of H(L), H(3)

Remark 1. Actually, every symmetric $-structure for L? extends to a
symmetric 9-structure for L, L2, Thus the arrow from box 1 to box 2
is a bijection.
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Proof. Let f,: 9(L>)—%(25) be the given structure for L% Via
12, (L) is identified with the quotient of %(L?) by its points of order 2
[Corollary 2 to Prop. 6]. Since all the d; are even, %(0) is identified with
the quotient of %(28) by its points of order 2 via H,. Therefore, f,
induces a unique isomorphism f; of these quotients, i.e.,

fir 9%

such that H,of,=f;on,. To check that f,oe,=F,0of;, it suffices to
consider this for elements of the form #,(z). But then

J2(e2(n2(2)))=12(6:(2))
=f(z*-6-1(2)
=£2(2)*- D1 [ f2(2)]
=D; f,(2)
=E,(H,(/(2))
=E,(fi(n:(2))). Q.E.D.

Remark 2. Every symplectic isomorphism g: H(L)—> H(d) is in-
duced by a symmetric 3-structure on L: i.e., the arrow from box 3 to
box 6 is surjective [also that from box 2 to box 5].

Proof. We saw in § 1 that every symplectic isomorphism is induced
from some Y-structure: i.e., let K,=g '[K(5)], K, =g"[K/(3)]; lift
K,, K, to level subgroups K;, K, = %(L); construct f: ¥(L)—>%(5) by
mapping K; into the points (1, x, 0), K, into the points (1,0, /) and
extending multiplicatively.

The problem is to alter f to make it symmetric without altering the
induced map g. For all ceHom [H(6), k*], define the automorphism
F, of 9(d) by:

F (2 x, D)=(00-o(x, D), x, ).
Then we seek o such that F,of is symmetric. Let D*;=fod_,of "L

Then D*, is an automorphism of %(8) of order 2, the identity on k*,
and —1 on H(J). Therefore it is of the form:

D, (o, x, D)=(o - t(x, ), ~x, —1I)

where 7 is a homomorphism. If we replace f by F,of, D*, is replaced
by F,o D* 0 F 1. Hence we must choose ¢ such that

1(x, D=0 (x, 1)?
all (x, /)eH(5). This can be done if 1=1 on points of order 2; i..,

D* (2)==z for all z of order 2. This follows from Prop. 3 since L is
totally symmetric.
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Remark 3. Given a symplectic isomorphism g,: H(L*)"> H(26),
there is a unique symmetric 3-structure f, : 4(L) -~ %(5) such that both
come from some common symmetric 9-structure on L2, i.e., there is a
unique dotted arrow from box 5 to box 3 giving us a commutative
diagram [similarly there is a natural arrow from box 4 to box 2].

Proof. Lift g, to a symmetric f,: 4(L*)"5%(26). f, then in-
duces an f, as in Remark 1. If f; also lifts g,, then f, =F,of,, where
ccHom[K(20), k*]. Since f, and f, are symmetric, F,oD_;=D_,oF,.
This implies that o(z)==+1, for all zeK(29). Therefore H,(f,(2))=
H,(f;(2)) for all ze%(25). Therefore f, and f, induce the same f;.
Q.E.D.

We need one computation here:

Given
g, H(I?) — H(26) symplectic
A;: K(26) - pts of order 2 in Kfz\é)
Ay: K(26)— pts of order 2 in K(25).
Assume
4y x(p)=4,y(x), all x,yeK(29),
(4, m)=m(4, 1), all 1,meK(29).
Then:

) 0 4
e[ (8 )]s

is also a symplectic isomorphism.
Under the correspondence of Remark 3, let g,f;, gi->f7 where

fi» fi are symmetric $-structures on L. Then f{=F,of,, where
ccHom (K (8), k*) is given by:

o((2x, D)=4; x(x)-1(4, 1), all (x,])eK(20).

This is a tedious but straightforward verification. With it we can prove:

Remark 4. Every symmetric 9-structure for L is induced by a sym-
plectic isomorphism of H(L?), H(26); thus all arrows in our diagram
are surjective.

Proof. Let f,: 9(L)~5>%(0) be the symmetric -structure. f, induces
a symplectic g, : H(L) -~ H(6), which lifts to a symplectic g,: H(L*) =5
H(25). As in remark 3, g, induces a symmetric f{: %(L)—%(5). Then
fi=F,of, for some ceHom(K(5), k*). Since f; and f{ are both sym-
metric, F, and D_, commute, hence Im (¢) ={+1}. But then using the

22 Invent. math., Bd. 1
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computation we have just made, it follows that we can ‘“‘correct” g,,
not altering its values on H(L), so that f{ is changed to f;. Q.E.D.

In conclusion, a symmetric 9-structure on X can be considered as
something intermediate between a labeling of all the points in H(L?), or
of only the points in H(L). Moreover, we have proven:

Proposition 7. Every symmetric 3-structure fi on L can be extended
to a symmetric 3-structure (f,f,) on (L, L?). In particular, for any X, L
as above, the pair of groups 9(L), 4(L?) and the pairs of maps &,,1, is
isomorphic to 4(5), ¥(29), E,, H,.

§3. The Addition Formula

The most important application of the last theorem of §1 is to give
an explicit description of the group law on an abelian variety X in terms
of its canonical projective embedding. To express the group law algebra-
ically, the first idea one might have would be to make the homogeneous
coordinate ring:

R=@rX,L)
n=90
into a Hopf algebra, (here L is a very ample invertible sheaf on X). Thus
if u: Xx X—X is the group law, R would be a Hopf algebra if y*L=~
PYL®piL. However u*(L) is not isomorphic on X x X to pfLQp3L
or to any other sheaf on X'x X which is directly built up out of L by
means of the projections of X x X onto X. So while u* induces a map
from I'(X,L) to I'(XxX,u*L), '(Xx X, u*L) cannot be directly
related back with I'(X, L). What we can do, however, is to describe the
isogeny:
£ XxX—-»XxX

such that &(x, y)=(x+y, x—), for all closed points x, y in X. In fact,
concerning ¢ we have:

Proposition 1, Let 1: XX be the inverse morphism on X. Then for
all invertible sheaves L on X such that 1* L=L, if M is the invertible sheaf
PTLRpIL on Xx X, then:

E(My=M>2.

Proof. By the see-saw principle, it suffices to check that £*(M) and
M? are isomorphic when restricted to the sub-schemes X x{a} and
{e} x X of Xx X, for all closed points ae X (here e is the identity point
on X). Let

s X XxX, i=12, aeX,
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be the morphisms such that s{0(x)=(x, @), s?(x) =(q, x) for all closed
points xe X, Then:

EPF M=V I @3 1)

=(py0 Sf})* E®(p;o 5;{:)}* .
Since p;o s =identity on X, and if i<, then p;os® maps X to the point
a, we find:

Oy (MH=IP.
On the other hand:

N E M=) I LO Py L)
=[p10&os"T* L®[pr080sPT L
=T*LQT* L
=2

{The last isomorphism comes from the theorem of the square.) Finally:

G M=) S pILO P L)
=[p,0losPT*L®[pyolo 322}]* L
=L® "L
~I2,

Therefore £* M and M? have isomorphic restrictions on all the required
subschemes, hence are isomorphic. Q.E.D.

Now, by the Kiinneth formula:
FXxX,MHy=rx,0yerx,n.
Therefore, £ induces a map ¢:

rx,Derx,Ly = rixxx,Mm
Kimnneth ii‘
P(X x X,* M)
2
IXxXx,M» = I'X,IHerx,n.
Kiinneth

Moreover, if L is very ample on X, then M is very ample on X'x X and
this map ¢ is sufficient to determine the morphism €. We want to apply

2.
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Theorem 4 of § 1 to determine ¢, and hence, in terms of canonical bases
of I'(X,L) and I'(X, L%, to give a canonical matrix representing ¢
(independent of the moduli of X!). Unfortunately, we have to make a
fundamental restriction at this point:

Proposition. If dim X =g, deg (£)=22¢%; ¢ is separable if and only if
char (k)+2.

Proof. It is convenient to use the language of schemes to prove this:
let z=(x,, x,) be an R-valued point of X'x X, for some k-algebra R.
Then z is in the kernel of ¢ if and only if x; + x, =x; —x; =e: i.e., x; =x,
and 2x, =e. Therefore the map taking z to x, defines an isomorphism of
the kernel of £ with the kernel of

26: X—-X

(multiplication by 2). But in general the degree of ké (multiplication
by k) is k%, hence deg (&) =22¢. If char (k) +2, then & is clearly separable.
If char (k)=2, then it is well known that 24 is not separable, hence its
kernel is not reduced, hence the kernel of £ is not reduced, hence ¢ is not
separable. Q.E.D.

From now on, we assume char (k}=%2. Then if L is ample of separable
type, so are L?, M, and M? and the theory of § 1 is applicable.

Assume moreover that L is actually totally symmetric: hence so are
L%, M, and M?. Now choose a symmetric 9-structure on (L, L?) i.e.,
isomorphism f;: 9(L)-=5%(8) and f,: 9(L*)-"5%(26) as in Pro-
position 7 of § 2. Recall that we showed in § 1 that these isomorphisms
induce isomorphisms:

. ~ __}vector space of k-valued

by ITX.L) Vo) _{functions on K(6) }

. 2 A~ __jvector space of k-valued
Ba: I(X.L) V(za)_{functions on K(29)

unique up to scalar multiples. Choose some pair of f’s. How about
I'(X, M) and I'(X, M?)? B, and B, immediately induce:

S~
-
-~

fcns. on f;r;s\.\o*n ., Jfens. on }
K() ® K(9) = 1K () x K(5)
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and similarly

2, ., Jfunctions on
FXxXx,M ),,;, {K(Z&)xK(Zé) :

Actually, these maps are of the same type as f§: i.e., they put the usual
group action in standard form. Note:

Lemma 1. Let X and Y be abelian varieties, and let L, M be ample
invertible sheaves of separable type on X and Y. Then

Y(pTL® ps M)=9(L)x 4(M)[{(@, 0™ )] k*}.

Proof. Just note how this isomorphism is set up. Given xe H(L),
ye H(M) and
¢: L-"5TFL, Y M—STM,
we obtain
pPlo®piy: piL®pyM—5T5 ,[pT L ps M].
The lemma is now readily checked. Q.E.D.

Now returning to our original set-up, it follows from the lemma that
the isomorphism

fii B(L)-"o9()={(ox, D]aek®, xe K(), e K(3)}
induces an isomorphism:
D S -"58)P = (0%, %5, 1, 1) |2 kY, x,6 K(5), e K(5)} .
Here the multiplication in %(5)® is given by:
(o, x40, %2, 11, 15) - (2, x1, %5, 11, 13)
=(a-a'- 10xq) - B (X)X + x5, %+ x5, I, + 15, L, +15).

Now let 4(5)® act on the vector space of k-valued functions on K(5) x
K(8) — call this vector space V(8)® — as follows:

Z=((X, xl’x2 3 lla lz)eg(é)u)’ fE V(é)(2)9
(U, 1) (upsux)=ali(uy) [ (uy) f(uy + x4, uy+x,).

Then B is determined, up to scalar multiples, by the readily verified
property:
BSZ)(UZ S) = Ufgz) (z) (ﬁ(IZ) S) ’

for all ze ¥ (M), se'(Xx X, M).
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Now &* defines the map P o po P 1:

V()P = {i?(‘;) i‘k@} —~ ST(XxX,M)

ﬁ§2)-1
:t
I'(XxX,t*M)
rx XZ‘L[( M2) =~ fcns. on
? J1 ) K(25)X K(25)
=V(28)@,

Call this transformation Q.
Fundamental Addition Formula. There is a scalar A, such that for all
fev(e)®
_J0 if x+y¢K(d)
(Qf)(x,y)_{ A-fx+y,x—y) if x+yeK(d)
for all x, yeK(29).
Remark. By suitably normalizing our maps f§, we can always assume
A=1. In what follows, I will always assume that this has been done.

Proof. This formula is a special case of the general formula given in
Theorem 4, § 1. To see this, let

G(M?)* = subgroup of ¢(M?) of elements lying
| over points of X x X in &' [H(M)]

and let Kc ¥ (M?) be the descent data associated to £. Then we have
the canonical map (cf. § 1):

0y ——%M).

First of all, ¥(M?)* goes over via our 3-structure to the subgroup of
4(26)®:

x,€K(26),x,+x,eK(0
.‘4(26)*={(a,x1,x2,11,l2) Qo). 31+, ( )}

LEeK(20), Iy +1,=2+1

for some leK/(S)

In fact, we are given an isomorphism:

XxX

U N N
HM)xKQ2o)xKRHxK(286)xK(26).
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and ¢ maps the point (x, x,, !, ;) in the latter group to (x;+x;,,
Xy =X, i+, 1, —1L). Then (a, x;, x,, 1, [,) is in the group corre-
sponding to 4(M*)* if and only if (x;+x,,x,—Xx;, i+, 1, —1,)
corresponds to a point of H(M). But this is the same as asking that
x,+x,€2K(28) [then x; —x, is automatically also in 2K(20)] and that

L+ 12521&2\5). But 2 K(28)=K(0) under our identifications, and 2Kf2\6)
is the group of homomorphisms 2/, Ie}{'/@).
Now let T be the homomorphism defined by the diagram:
g(M’)*“i;’éf(Z:é)*
(MY K r

G(M)— > GO,

P
The key fact is contained in the following lemma, (which uses the crucial
symmetry assumption):

Lemma 2.
T((a9x1> X2 Eia 52))=("‘: Xy +x2 s Xy =Xz, I, k)

NN
L+l=2%l1—l,=2%k for I,keK(d).

When this is proven, our formula comes directly from Theorem 4,
§ 1. In fact, K must go over via our $-structure to ker (7°), and this, by
the lemma, equals
{(1,x,x,1,1)|2x=0,21=0} .

Thus, in the notation of Theorem 4,
Ki={(x,x)eK(28)x K(28)|2x=0},
Ki={(x,y)eKQ8&)x KQd)|x+yecK()

6: KiK{—5K(6)xK(6)
is given by
o((x, yN=(x+y,x—y).

Then lemma 2 proves that the diagram in Theorem 4 commutes, and our
formula can be read off.

Proof of lemma. T is obviously the identity on k*, so in order to
check the lemma, it will suffice to verify it for elements of the form
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(1, x, x, [, 1) and of the form (1, x, —x, [, — 7). Namely, if x,, x,€K(29)
and x;+x,eK(0)=2K(25), then there are elements y, ze K(25) such
that x,=y+z, x,=y—2z; similarly with /,,/,. Therefore 4(25)* is
generated by £* and by elements of the above form.

For elements of the form (1, x, x, /, I), consider the diagram:

X2 ,x

I

XxX-5Xx

where A(x)=(x, x) is the diagonal, and s, (x)=(x, 0) for closed points
xeX. Correspondingly, one has the commutative diagram of sheaf
morphisms:
LQo)* L2
2 2”
4*M? st M
| [+

MiImE*M— M.

On the level of H’s, this gives maps between subgroups as written out
here:

H(Y H(L)
N N\
H(I?) 29 H(L)
H(M?) . HO) S
N AN

{(x, x) [xe H(LY}——H(L)x {0}

Pulling these subgroups back to the #’s, and denoting by = the projection
of each ¢ onto its H, we get the diagram:

%Y 9(L)
N ~ \\
7~ HHIY) 2 % (L)
g(M?) a son
ANY N

7~ ({x, x| xe HIDY) —E—n H(H(L) x {0})
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Here the tildas indicate homomorphisms naturally induced by the
corresponding homomorphism of abelian varieties. € is nothing but the
restriction of 1 to the subgroup written out above — which corresponds
in %(26)* to the group of elements (a, x, x, [, /): Therefore this diagram
is just suited to determine 7, or T, on this particular subgroup.

Now start with an element z=(x, p)e %(L?). Then
Pie®pier M*—ST M

is an element of (M ?) in the subgroup n~*({x, x| xe H(L?)}). But this
isomorphism restricts on the diagonal to the isomorphism

p*: M* L TXMA
And therefore

(%, ), P} 0 ® 13 0)=4[(x, 0?)].
Moreover, if
Y: L-°5T) L

is the isomorphism such that (26)*y =¢?Z, then

@2x,¥)=25[(x, 9?].

But then, referring back to the definition of n,, this means that

Qx,¥)=n,[(x, 9)].

Putting all this together we get a commutative diagram:

%)) 2->%(L)

gMH* - g(M)
where a[(x, @)]=((x, x), pT 0 ®p3p). Now go over to the standard

groups %(5), 4(20), etc. by means of our symmetric system of isomor-
phisms. We get a diagram:

4(26) 25 9(5)
A S
4(26)*- L. %(5)
One checks immediately that
Al(e, x, D] =%, x,x,1,1)

and that
S[(x, x, D]=(a, x,0,1,0).
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Therefore, we calculate:
T, x,x, L, )]=S[H,[(1,x, h1]
=(1,2x,0,1,0)

and since 21 =2/, this is the asserted formula.

The proof of the lemma for elements of the form (1, x, —x,/, —1) is
very similar, only based on the diagram:

xX—2 x
4’ 52

XxX—-4,XxX

where A4'(x)=(x, —x), and s5,(x)=(0, x) for closed points xeX. This
part of the proof is omitted. Q.E.D.

This marvelously simple formula is the basis of the whole theory
which follows. The most striking thing about it is that, as promised, it
does not involve the moduli of X itself — i.e., it shows, in some sense,
that the same addition formula is valid for all abelian varieties. This is
something of a cheat, however, as we have only given the map ¢ induced
by & from I'(X, L)® I'(X, L)-»I'(X, L*) ® I'(X, L?). To have the whole
story, we need also the canonical map

Ir'X,L)®IrX,L)-»TIX,I%

given by tensoring a pair of sections. For L sufficiently ample, this will
be surjective and hence the addition formula can be written entirely in
terms of the one vector space I'(X, L), i.e., in terms of the homogeneous
coordinates in one canonical projective embedding. However, the
remarkable fact is that this second map is a special case of the first, so
that we can pull ourselves up by our bootstraps. In fact, consider the
diagram:

N

N
XxX—25XxX

where 4(x) =(x, x), 5, (x) =(x, 0) for closed points xe X. Then s* M2 xL?
canonically, and if ¢, t’ are two sections of L,

stlo(pit@pit)]=t® el (X, ).
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Passing over to the representation of these sections by functions on K’s,
this gives the diagram:
V{&)x V{5

V(e)P -2y (25)®
S
V(26)

where S, is obtained by carrying over s}, and m takes the pair of func-
tions £, ' into the function g of two variables

g(x, y)=fx)-f'(y).
The composition is the “multiplication” of sections of L:
Definition. If t, ' e M (X, LYy and f=§,(t), f' =B,(t"), then let

[+f'=p(t Q).

What is S, 7 It can be given explicitly if we introduce the null-value
function g;» as in § 1. Choose an isomorphism A{Y: L(0)> 5k —
actually we already did this implicitly when we identified s* M2 with L2.
Then there is a natural “evaluation” of sections at 0:

te AP [10)],  tel(X, 1.

In terms of the isomorphism f,, this gives a unique function g;. on
K(26) such that:

WEO]= Y B 1(2) qu(2).
zeK(24)
Now then, say p¥t®p%¥t’ is a given section of M 2. Then
silpit® pr =271 (0)] - ¢

(if the identification of s¥ M?* with L? is chosen properly — otherwise a
constant must be put in). In terms of the Vs, this means

[Si@lx=[ ;z,m }f ") q:(M] - f(x)
gx, »)=1(x)-f'(Nev(2s™.

Since S, is linear, this means that for any ge V(28)?,

[S:@1x)= Y g(x,)-9.:00)-
yeK(248)

if

Putting this and the addition formula together, we conclude:



330 D. MUMFORD:

Multiplication Formula. If £, f' € V(3), then
(f*fx)= ;K (6f(X+y) f(x=y)-qra(y) for all xeK(29).
yex )

Another application of the fundamental addition formula is to the
duplication and inverse formulas. To obtain the first, we choose sym-
metric 9-structures now on L, L? and L* such that those for the pair
(L, L?) and for the pair (L%, L*) are compatible. Then we obtain 3 iso-
morphisms:

Bi: T'X,L)-"5V(0)
B.: I'(X,I»)-"5V(26)
Ba: I'(X,IH-—"5V(46).
The endomorphism 28: X— X then gives the diagram:
rx, 022 r(x,(26)" L)=rx, L

Let the dotted arrow be denoted [2]: this is the duplication homomor-
phism. Then the result is:

Duplication Formula. If fe V(d), then

((21)(x)=0 it x¢K(26)
=f2x) if xeK(20)
for all xeK(49).

Proof. We use the fact that £o&=28x245. This implies that if
f1:f2€V(S), and if f; ®f, is the induced function in V(§)'¥, then

QQfy ®f2)=[2] fi® [2] Ja

In other words,
(Q@f, L)) »=[21f.(x)-[21-(»

for all x, yeK(46). (Here the first Q is for the map &*: M?>—>M*, and
the second @ is for the map &*: M—M?2) Substituting the addition
formula, the duplication formula follows immediately (at least up to +1:
but this disappears if we correctly normalize the f’s). Q.E.D.

The second formula requires only a symmetric 3-structure on L,

hence
Bi: I'X,L)-=wV(9).
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Using 1, we get a diagram
via
normalized
isomorphism

I'X,L)-*>rx,*L) =~ TI(X,L)

Let the dotted arrow be denoted [—1]. The result is:
Inverse Formula. If fe V(0), then

([—11H)®)=f(~x), for all xeK(5).

Proof. Up to a constant, the result is quite easy: we use the fact that
1=p,o0fos,, while 1y=p,0&os,. Therefore, if s, teI'(X, L)

3 [prs@pit]zs@1*t.
In terms of functions, if £, f € V(d), and g(x, y)=f(x) - f'(y) then
(1)@= Y @0, %)-q.:0).
yeK(29)

This gives the formula immediately. To get the correct constant (this
is meaningful in this case because we are dealing with an automorphism
of I'(X, L)), note first that [—1]o[—1]=identity. Therefore the true
formula is either ([—1]f) (x) =f(—x) or —f(—x). Since we have used
a normalized isomorphism of :*L and L to define [—1], it follows that

Y [N -qx)= ) f(x)-q.(x).
xeK (9) xeK(3)

In other words, g, (x) is an even function in the first case, and an odd
function in the second case. But look at formula (A) below: it is invariant
when you interchange u, v and replace x, y by x, -y. Therefore g, is even
and our formula is correct. Q.E,D.

To conclude this section, we want to show what restrictions these
formulas place on the null-functions ¢, and particularly how RIEMANN’S
theta-relation can be deduced. One word of caution: this relation will
not be exactly the same as in the classical case, because our g’s are not
the same as the usual theta-null values. But it can be shown that they are
related by a non-singular linear transformation with roots of unity as
coefficients: so the formulas are trivial modifications of each other. As
before, we start by choosing an isomorphism

do: L(0)—"ok.
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This induces

AP Ok
and

AP N0k

(14?) may as well be the same as the map we used before). Then sections
of L, L?, L* have “values” at 0 and we define the ¢’s via:

4o[t(0)]= ;mﬁx 1(z)-q.(z), tel'(X,L)
AWHO]= Y B 1(2) q12(2), tel(X,I2)
zeK (26)

Ag‘) [1(0)]= ;(4{3)4 t(Z) ‘ QL“(Z) s tEF(X’ LA) .

Also, 4, induces
pd: M0)-"k,  i=1,2,4,

and one checks immediately that:

P O]= Y BP(x,y) - qu(x) - 9 ()
x,yeK(d)
for all teI'(Xx X, M%), i=1,2 or 4 [i.e., check it first for ¢ of the form
pit, ®p%t, and then use the linearity of both sides]. But there is a
constant k such that

u§? [E* 1(0)]=x - u§ (1(0))

all te'(Xx X, M). And if &* is replaced by x~! - £*, we may as well
assume x =1. This means that for fe V(6)®,

Y Sy -ai®)-a()= Y Qf(x ) qa(x)- q12(p).
x,yeK(3) x,yeK(295)
Substituting our addition formula into this, and using the fact that this
is true for any f, we conclude immediately:
(A) ) q(= X 6)qu(u) “qra(v).

u,veK (2
such that
utv=x
u—v=y

Now recall that according to Cor. 4, Prop. 6, § 2,
X,cH(L)cH(I})<cH(LY

where X, is the group of points of order 2 on X. Therefore, the 2-torsion
subgroups of K(8), K(26), and K(44) are equal: call this common sub-
group Z,. Then (A) can be re-written:
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(A") For all u, ve K(26) such that u+veK(9),
qL(u+v)- 9. (u—v)= Zz qr2(u+n) - qr(v+n).
ned:

We can obtain an even simpler relation between gq; and g;. either by
applying (A) to both of the pairs (L, L?) and (L?, L*) and eliminating q;.,
or by proceeding directly using the duplication formula instead of the
addition formula. Following the latter procedure, first note that there
is a constant x such that

AV [(28)* 1(0)] =1 - 20(2(0))
for all teI' (X, L). If the homomorphism (28)*: L—L* is chosen suitably,
the x again disappears. Then the formula goes over on the V(d)-level to:

Z fx)- ‘IL(x)— Z [2]f(x)'QL4(x)
e K(43)

xe K (d)

for all fe V(d). Substituting the duplication formula into this, we get out:
(B) For all xeK(29)
9:.(2%)= 3, que(xtn).

neZ;

To get a formula involving g; alone, first choose elements x, ye K(24)
such that x+yeK(5). Then for all homomorphisms /: Z,—{+1}, we
obtain:

21O a+y+ aux~y+0)

{eZ;
= Z 1) qr2(u) 12 (v)
u, veEK 326)

utv=x+y+{
U—v=x—y+{

= Z G +82) qr2(x+81) qr2(y+{3)

{1,827

=[ Z 1) qr2(x+m]- [Z () qr2(y +m].

neZz

Therefore, if x, y, u, ve K(26) and x+y, x+u, and x+veK(d), (so that
y+u, y+v, u+veK(d) too), then

[Z IO qux+y+Dqrlx—y+0]- [ Z 1) qrlu+o+0) g (u—v+0)]
~[ Zl(C)qL(x+u+C)qL(x u+0)] [ ZI(C)qL(y+v+C)qL(y v+0)].

leZ;

Writing these 2 terms together and summing over /, we finally obtain:
© ;2; aLx+y+0qrx—y+0) qru+v+ g (u~v+{)
€42
= Y q(e+ru+n) g (x—~u+n) g (y+v+m q(y—v+n).

neZ;
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To complement this relation, there is the key symmetry property of ¢;:

D) qr(—x)=qr(x).

This follows as in the proof of the inversion formula. To understand
the structure of RIEMANN’s theta formula (C) a bit better, note that the
variables x+y, u-+v are just 4 arbitrary elements of K(d), and that the
condition x+ueK(d) amounts to

x++x—y)+u+v)+u—v)e2K(6).

After observing this, it is easy to rearrange the variables in (C) a bit so
as to obtain:
(C" For all x, y, u, v, ze K(5) such that x+y+u+v=-2z,

2 au(x+m) g (y+m qu(u+n) qLlv+n)

neZz
=Y q(x+z+m)q . (+z4+n) qr(u+z+n) q(v+z+n).

neZy
We shall give some examples of this in § 5.

The more familiar form of RIEMANN’s theta formula is obtained by
making a partial Fourier transformation of the function g;. Suppose Z
is a subgroup of K(d) such that:

Z,cZc2K(d).
Let H=K(d) x Z, and define a function $ on H by
3(x)= Zzl M qrla+n)
ne

if x=(a, I). 9 has an obvious periodicity with respect to Z x {0}; hence §
is ““essentially” a function of (K(5)/Z)x Z. Let

H2=%ZX(Z)2

={xe—H

(C”) For all x, y, u, v, ze H such that x+y+u+v=—-2z,

9(x) 8(») $(u) 8(v)

x is 2-torsion modulo
Z x {0}

1
5D G A SO BGH T+ 2+ S0+ 240,

where if £ =({, m) and z=(e, r), A;=(r+m) (20).
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To obtain (C”) from (C"), write the left-hand side out, assuming that
x=(a,l)
y=(b, k)
u=(c, p)
v=(d, q)

z=(e,r1).
We get

) l(;h) k(n2) p(n3) () qrla+ny) qL(b+15) qrlc+n3) quld+1n4).
N1,12, 13,04 €
Since /+k+p+g=—2r, this character kills Z,. Therefore, the above
sum decomposes into a sum of terms of the type

Y qi(@+n) q (' +m) g (" +1) q . (d" +n)

neZy

all of which can be rewritten using (C’). We get

Y ) k() p(ns) a(ns) - gra+e+C+n,) - qr(b+e+{+n,)x

1s s Ma4€Z

2
n
ipiz xqr(c+e+{+n3)-q(d+e+{+n,)

nitnztgatna=—-2¢

which is the same as:

1
.87z X Zm(’11+ﬂ2+’13+'l4+25)'l(ﬂ1)'k(’12)'P('73)‘Q('l4) x
) 1572, 13, N4 €

ez xqr(a+e+{+ny)...q.(d+e+{+ny).

mel

But for fixed m, this sum is zero unless 2m+/{+k+p+g=0, ie,
mer+(Z),. Therefore, the sum works out to be

1
—_— I+r+m) () -qrlate+{+n)x
2"'#2,,.;@2( ) (1) - q.( LB
Ee+2
neZ

X(k+r+m)(ny)-qr(b+e+{+n)-(p+r+m)(n3)-qrlct+e+{+n3)x
x(q+r+m)(ny)-qr(d+e+l+ny) - (r+m)(20).
This is exactly the right-hand side of (C"").
We omit the proof that (C”)=>(C’) which is similar.

23 Iavent. math., Bd. 1
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§4. Structure of the Homogeneous Coordinate Ring

Let X be an abelian variety, and let L be a totally symmetric ample
invertible sheaf of separable type. Of course, char (k)<2. In this section
we shall study

ool

R=o®I'X,L),

n=0
the homogeneous coordinate ring associated to L. In particular, we would
like criteria for the properties:
(a) R is generated by
R,=I'(X,L).

(b) If S* R, is the symmetric algebra on R, over k, and I is the kernel:
0—-I—S*R,—R

then [ is generated, as S*R;-module, by the quadratic relations I,.
In the first place, there are very general methods, based on CASTEL-
NUOVO’s lemma, that give results of this type. I can prove:
Proposition 1. If L is replaced by L, where n=dim X+ 2, then both
(a) and (b) are true.

This is not very useful, however, for the present theory. In the theo-
rems that we want, we shall assume much less about the sheaf. However,
as a consequence of our somewhat peculiar methods, we only obtain
criteria for:

(a)': R(zmy generated by the (27)-th symmetric power of R, for all z.

(b)Y : I ,m generated by I, times S*"~2(R,) for all n.

Although these are strange conditions, still if they are true in some
case, then the following also hold:

(a)’: R, is generated by the m-th symmetric power of R, for all m
sufficiently large.

(b)’: I, is generated by I, times $™~2(R,) for all m sufficiently large.
Incidentally, (2)'’ is equivalent to the condition that L be very ample.

Lemma. (2) = (a)’’,
(b)Y =(b)".

Proof. Assume (a)'. For all integers m, let

R(m)= @ Rmk'
k=0
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It is well known that for all large m, R(m) is generated by R{(m); =R,,.
In particular, for large n, R(2") is generated by R, and hence by S*R;.
On the other hand, Ris an R(2")-module of finite type for all n. Therefore,
a fortiori, R is an S* R{-module of finite type. Now let M =R/Im S*R,.
Consider M as an S* R,-module. It is of finite type since R is; and
M ;4,=(0) for all n. But, given any graded R-module N of {finite type,
either N, =+ (0) for all large n, or N,=(0) for all large n. Hence (a)"’ holds.

Assume (b). Let J< I be the ideal generated by I,. Then I[J is an
S* R;-module of finite type such that (I/J),n» =(0) for all n. As above,
this implies that (I/J),,=(0) for all large m, hence (b)"" holds. Q.E.D.

Conditions (a)’ and (b)’ are exactly what we can get hold of by the
theory of § 3. To set this up, first choose for every integer » a symmetric
9-structure on L*";

fii #IH-SH9(209),

such that (f,,f,+,) is always a symmetric 9-structure for (L2", L2"*").

This is possible by Proposition 7 of § 2. This induces isomorphisms

vector space of
.. I'(X,[2)—"5V(2"5)={ functions on
K(2"6)
for all n, unique up to scalars. Moreover, for all », let the function g, (x)
on K(2"8) correspond to the linear functional on I'(X, L") defined by

evaluating sections at 0. Using only the functions g,, we can define the
following ring:

R*: graded polynomial ring generated by @ ¥V(2"5), where elements
n=0
of V(2"3) are assigned degree 2", modulo the relations
ff'—g
L f ev(2*5)
for all .
geV(2"*15), some n such that
gx)= ¥  fOx+y)-f'G—1) g ).
yex+K(278)
[Here, as in § 3, we identify the groups K(2" ) as subgroups of each other:
K@) cKQ28)c-cK(2"5)=---.]
It follows that
R:n = V(2" 5)

23*
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and if any integer N is written as a sum
N=2"42" 4. 2™
with n,, n,, ..., n, distinct, then
RF= V(2" ) ®---® V(2™8)/(something).
In any case, there is a canonical map
$: R*-R

defined by extending the maps ¢, to a homomorphism of all of R*,

Lemma. i) R* is a finitely generated k-algebra and the kernel of @ is
[inite-dimensional,

i) @y: Ry~ Ry is an isomorphism if N is a power of 2,
iii) if L is very ample, then &y is an isomorphism for all but a finite
number of N.

Proof. First of all, (ii) is obvious. Since L is ample, R,. is spanned by
R,® R, for all sufficiently large n. Therefore, R3.+: is spanned by
R%,.® R%. for all sufficiently large n. Therefore R* is finitely generated.
If J=ker (), then J is a finitely generated R*-module; since J is zero in
degrees 2, it follows that J is finite-dimensional. As for (iit), if L is very
ample, R; generates all but a finite-dimensional piece of R. Therefore the
subring of R* generated by R¥ already goes onto all but a finite-dimen-
sional piece of R. Q.E.D.

This lemma means that if L is very ample, the abstract ring R* defined
using only the family of null-value functions g,, is essentially isomorphic
to R. We can therefore calculate in R* to obtain results about the ring R.
The first result of this type is:

Theorem 1. If H(L) contains X, the group of points of order 4, then
(X, L?) is spanned by S*{I' (X, L)}.

Proof. We will show that every function on K(29) is a linear com-
bination of functions fxf’, where £, f’ are functions on K(J). (Notation
as in § 3). It will be convenient to work with the delta functions on
K(9), K(20): we write J, for the function:

o0,(aY=1 if a'=a
=0 if a'#*a.

There should be no cause for confusion with the use of é in “level .
We let Z, denote the subgroup of K(d) of points of order 2.



On the Equations Defining Abelian Varieties. 1 339

First, we calculate d,, ,%5,_;, where a, be K(25) and a+beK(3)

(Basp*0,-p) (X)= Z Opep(Xx+2) 6, p(x—2) - q4(2).
zex+K(J)
The term inside is O unless
x+z=a+b

x—z=a—b.

These imply that xea+Z,. Conversely, if xea+Z,, then the sum has
exactly one non-zero term, viz., ¢, (@ +b—x). Therefore:

5a+b*5a—b= Z ql(a+b“x)'5x

xeat+Z;

= Z ‘11(b+’1) * 5a+r1'

neZy

These functions certainly span the image of S?[F(5)]. However, it is
convenient to use a slightly different basis. Let / be a homomorphism
from Z, to {&1}. Then

Zl(ﬂ)5a+b+n*5a—b+q= Y l(’h)'Q1(a+b+’11“(a+712))'5a+,,2

nez i€ 2y

=[ X Im-a:b+m]-[ T 1) Sau]-

neZz neZs
If the image of S?[V(8)] contains all the functions Y /(1) §,.,, then it
contains everything. Therefore, the Theorem is true if we can prove:

For every ae K(26) and every homomorphism I: Z,—{+1}
there is an element bea+ K () such that

(%)
Zé I(n)-q:(b+n)%0.
ne l2
To prove this, set
F= Z 52a+"
neZz
and
G= Z I(mo,.
neZz

Now calculate FxG:

(F+G)(x)= Y F(x+2)-G(x—2)-q(2).

zex+K(9d)
The inside term is zero unless:
x+z=2a+n,

X—z=M,, ’11:']2622‘
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These imply 4x =4a. Let Z, be the group of elements of K(26) of order 4.
By our hypothesis on L, Z, is a subgroup of K(8). Now suppose xea+Z,.
Then the sum works out to be:

= Y, FQx+1,)-G(n) - q1(x+n2)

n2e€Zz

=Y I(n)- q,(x+n).

neZz

FxG= Y (X Im)-q,(x+n)-9,.

xea+Z4 neZs

Therefore:

Now assume (*) is false. Since Z, = K(8), it follows that all the coefficients
> 1(n) g, (x+n) are zero. Therefore F*xG=0. But F+0 and G+0, and the
homogeneous coordinate ring of an abelian variety is well known to be
an integral domain! This contradiction shows that (*) must hold. Q.E.D.

Corollary. If H(L) > X,, then R* is generated by Rf and (a)’ and (a)"
are true for the homogeneous coordinate ring

®IrX,0.

n=0
In particular, L is very ample.

The inequality proven about g, in the course of this proof will be
quite useful in the sequel. To bring out the general picture I want to
state the analogous fact about the values of ¢ when expanded in charac-
ters of an arbitrary subgroup Z:

Z,cZ<2K(26).
As above, let

9@ D= Y I(n)-qla+m), if 1eZ, acK(29).
neZ

The result is:
a) for all aeK(295), leZ, there exists an element {4 Z such that

S(a+¢,D=*0,

b) for all aeK(24), leZ, there exists an element me(ﬁ)z, ie., a
character of Z/2Z, such that

3(a,l+m)=%0.

These facts are proven by an obvious generalization of the argument
used to prove (*).
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The second result which we get by calculating in R* is this:
Theorem 2. Let

I,=Ker {S*R, —R,}

I,=Ker {S*R, —R,}.

Assume H({L) contains X, . Then I, is generated by R, ® I,.

Proof. First of all, note that by Theorem 1, R, and R, are quotients
of §? R, and S* R, respectively. To compute R, ® I,, we use the obvious
remark:

Lemma. Let V be a k-vector-space, and let I S*V be any subspace.
For all elements a, beV, let

X, p=image of a-bin S* V/I.
Then

S4VIS2V. I=SS? V/I]/{span of the elements}.

Xa,b* Xc,d ~Xa,c* Xp,d

For all a, beRy, let x, , denote the product of a and b in R,. Then
the lemma tells us that

span of the elements
S“Rl/RZ-IZ=SzR2/{p }
xa,b' xc,d_xa,c'xb,d

Therefore it suffices to prove that the canonical map:

S?R, / {span of the elements}_’ R,

Xa,b* Xc,a ™ Xg,c* Xb,d
is injective.
In order to do this, the key point is to compute in terms of the most
carefully chosen bases of R, R, and R,.
() In R,, we use the functions J,, ae K(5).
(ID In R,, we use the functions
Yo = 3 1(n) 0asy
neZz
where Z, =subgroup of K(3) of points of order 2 and leZ,.
(IID) In R,, we use the functions
Za,l= Z 1(71)'5.;4—"

neZs

where Z, =subgroup of K(d) of points of order 4 and 1624.
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Moreover, set

gi(a, =Y 1) - qi(a+n), leZ,, acK(26)

neZ;

a:(@a,D= Y I()-q.(a+n), leZ,, acK(4d).

neZy

Now if a, be K(20) and a+be K(5), calculate
Y 4B, DY, = 3 I -10) - qu(b+n) oy

leiz 1622
ny €Zz

=283 q(b+n) - Sauy

neZz
—98
=2 6a+b*6a-—b

(cf. proof of Theorem 1). In S?R,, denote the symmetric product by ©.
Then the problem is to show that:

span of the elements:
EI:QI(b’l)'Y;,IQ;ql(‘Ll)'Yc,l—
SZR/ —241(04’3,0'Y—b—e,zQZCh(C‘l'e»l)'Y—d~e,t
2 i i

for all a,b,c,d,ec K(20) such that
at+b+c+d=-2e
a+b,c+deK(d)

is isomorphic to R,. Let L be the span of the elements inside the braces.
Then take a typical generator of L, and write

a=A+B
c=A-B
—b—e=A4+C
—d—e=A-C
with 4, B, CeK(46). It follows that L is the span of the elements
Z,\ g (A+C+e ). q(A—C+e, ') Yyu5,0O Yy p 1~

Ll'eZs
- ZA g:(A+B+e,l)-q(A—=B+e,l) Yyic, O Yy_c v
LUeZs
for all 4, B, C, ee K(46) such that
A+B,A+C,ecK(26)
and

B—C+eeK(d).
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Next, we replace these by another set of generators of L obtained by a
partial Fourier transformation: in a typical generator, replace

A by A+{
B by B+{
C by C+{"
e by e-¢

where ¢, C',AC"GZ‘;. This is 0K, since Z,<=K(5). Let m, m’, m" be
elements of Z,. Multiply by m{({) - m'({’) - m"'({"") and sum over {, (', {"'.
This gives us generators for L of the form:

ZA [ Z m"(C”)‘ql(A+C+e+C”,l).ql(A__C_*_e_Cu’l,)]x

Ll eZy {"eZ4

* [c CZZ m(Q) - m' () Yasprgag,1© Yampag-gr]—
16 €44

- Y. [ X m() qA+B+e+l,D)-q,(A-—B+e—{,1)]x

LlleZ: {'eZs

X[ Z m(g)-m"” (") Yircteepa© YA-c+c—c",z']-
${7€eZq

This expression simplifies a great deal. The terms in the Ist sum over /
and [’ are O unless / and /" satisfy:

I2x)=(m+m')(x), all xeZ,
I'2xy=(m—m')(x), all xeZ,
m' ' (x)=1+1") (x), all xeZ,.

In particular, the whole Ist term is O unless m, m’ and m’’ are equal
on Z,. Similarly, in the 2nd term, we get 0 unless

I2x)=(m+m")(x), all xeZ,
I'2xy=(m—m")(x), all xeZ,
m' (x)=+1)(x), all xeZ,.

Therefore the whole expression is O unless m, m’ and m’’ are equal on Z,.
We may as well set
m=k+k'

m'=k—k
m'=k—k'+2k*
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for suitable elements k, k’, k*eZ,. Then, up to a constant, the expres-
sion reduces to:

[ Y (k=K +2k)() g (A+Ct+e+, k)y-q(A—C+e—{, k)] x

{eZs
X [czz k+EYO) - Yaupepx O Yacpigw]—
[ X *k=kY0)-q1(A+B+e+{, k+k*)-q(A—B+e—{, k'——k*)]x
ez
X [C% (k+KYO)  Ygsrcrpk+u0© Yacupb—kr] -

The 1Ist and the 3rd bracketed expressions can be written in terms
of ¢q,: let a, be K(45) and let /, IeZ, such that a+be K(25). Then

2+ -gqi(@a+b+{,D-g,(a—b-L, 1)

{eZs

= (Z’i C+m) -1 E+n) qi(a+b+l+n)-g(a=b—{—n")
el

= Z W +E8) - T -8 - qi(a+b+{+85) - qi(a=b+{,—-0))

{1:(2€Z4

= Y I +L)- T —=8)qx(a+02)-a2(b+{y)

{uizeZs
(cf. §3)
=q,(a,1-1)-q,(b, 1 +1).
Substituting this formula, we find that L is spanned by the elements
g(A+e, k+k' +2k*)x

q2(C, k—k'+2k*) .CZ k+ YD) Yaiprgx O Yyoprgw—

€Z4

X .
—q,(B,k—k’) .CZ; KR+EYO - Yyscog ke © Yaecog i—te
What happens to these sums when they are pushed from S2 R, into R,?
We calculate

t% k+EYO - Yyrpegu* Yaopegw
= Z k(C+n)-K'(C+n") “OarBrg+n*Ou—pegty

(eZs
nneZz

= z k(@i +82) k' (€1~C2)  Ouvprgy+ga*Ou—pegi—is

C1,{2€24

= Y k(+E)-K(€i~8) - q.(B+E,)- Oq4g,

{1.{26Z4
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(cf. proof of Theorem 1)
=q,(B,k—Kk)-Z4 yin-

Therefore, in order to check that L is big enough, it is necessary and
sufficient, for every pair of terms

Ti‘“’(ZZ (ki +k) Q) - YauuBit g © Yay-pivgay,  i=1,2

[here A;, B;eK(43), A;+ B;eK(29), ki,kgei4] for which 4,=4, and
ky+ki=k,+k5, to show that ¢, T, +c,T, is in L for some non-zero
pair (c;, c;) of constants. [One must check at this point that S*R, is
itself spanned by these terms, but this is nearly obvious.]

Now set
2(4,B,C; k, k', k*)
=q,(C, k—k'+2k*)- Z k+EYQ)  Yauperx O Yapigw—

{eZs
—q,(B,k—k') 'CZZ kK+EYO - Yorcrgkane © Yacagirmse-
I claim it is enough to show that for every 4, B, Ce K(49), k, k', k"‘ei4
such that A+ B, A+ CeK(29), the expression Z(4, B, C; k, k', k*)isinL.
Namely, if T; and T, are any pair of terms as above, then

Z(A1, Bl’ BZ; kl’ k’l’ kz—‘kl)

is clearly of the form ¢, T, +c¢,T,. The only problem is that ¢, and ¢,
might be 0. But T; is mapped into ¢, Z,, ;,+4; in R, and T, is mapped
into ¢y Z4, 4,+1: in Ry. Therefore ¢, =c,=0 only if T; and T, go to 0
in R,. But since S2R, is mapped onto R, by Theorem 1, for every term
T,, there is some term Ty with A3=4,, kg +k53 =k, +k] such that T} is
mapped to a non-zero multiple of Z,, ; ;. Suppose all the Z’s are in L.
Then
E(Al, Bl’ BS; kb ’1’ k3'—k1)€L

2(A2,B2,B3; kz,klz,k3_k2)EL.

In other words, L contains expressions of the form d; T +d3T;, with
d, %0; and d,T,+d3 T, with d,+0. Therefore L contains an expression
¢, Ty+c¢,T, with ¢, or ¢, %0.
The identity:
q,(C,k—k'+2k*)-Z(4,B,D; k, k', I*)+
+q,(B,k—k")-Z(A,D,C; k+I*, k' —I*, k*—1%)
=q,(D, k—k'+21*)-2(4, B, C; k, k', K*)



346 D. MuMFORD:

is easy to check. [Here 4, B, C, D are in K(49), k, k', k*, 1*624 and
A+ B, A+ C, A+ DeK(24).] We have proven, that for all 4, B, CeK(49)
and k, k', k*eZ, such that 4+ B, A+ CeK(29), then

g, (A+e, k+k'+2k*)-2(A4,B,C; k, k', k*)eL
for any element ec K(46) such that
ee B—C+K(J).

This embarrassing factor g,(A+e, k+k'+2k*) is the crux of the
problem at this point. The e here gives us very little flexibility: if it is
varied by an element of Z, (which is permitted), the g, is multiplied only
by a root of 1. So if one of these vanishes, all of them do. And since we
have only assumed that Z, < K(9), this is really the only variation pos-
sible in e. We may as well set e =B~ C therefore; this gives us the fact:

q,(A+B—C,k+k' +2k*).-2(A,B,C; k, k', k*)eL.
But now the cocycle identity gives us also the fact:

g, (A+B—D,k+k +21%) . q,(A+D—C,k+k'+2k*~21%)x
xq,(D, k—k' +21*)-Z(4,B,C; k, k', k*)
=q,(C, k—k'+2k*) - q,(A+D—C,k+k' +2k*—-21%)x
x[q,(A+B—D,k+k' 4+21%)-2(4,B,D; k, k', I")]+
+q,(B, k—k')-q(A+B—D, k+k'+21*)x
x[q(A+D~C, k+k'+2k*~21*) . Z(4, D, C, k+1*, k' —1*, k*—1*)]
eL,

for all l*e24, DeA+ K(26). The product of 3 ¢g,’s at the beginning of
this equation can be made non-zero by an appropriate choice of /*
and D! This is the content of:

Triple Vanishing Lemma. Let A, A;, A; be any three elements of
K(@4d); let ki, k,,k; be any three elements of Z,. Then there exists

{eZg  (=points of order 8 in K(24))

le2Z 4
such that

3
14204+, ki+D=+0.
i=1
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Proof. To show this, we first establish the following general formula:

Lemma, Let L be a totally symmetric ample invertible sheaf on X of
separable type 8. Choose compatible 9-structures for L,L*, L*. Let
Ay, Ay, As, A4€K(0), and let q, € V(J) correspond to evaluation at 0. Then

2 Oaisn*Ouptn* Oasq*0ahy
neZly

= > g (A;+A4,-2E)-q,(A;+A3—2E)-q, (A, + A, —2E)- 6.
EeK48)
QE=A;+ A+ As+As

Proof, Write
A 1= o+ 5 + ﬁ

Ay=a+5—f
Ay=—oa+8+y
A4=—a+5"“'y

where B, yeK(28), o, 56 K(48). Then combining the Ist 2 and last 2
terms by the formula in Theorem 1, we find

Y Oarn*Oayen*Ousun* Oty
neZsy

= Y qB+m) @20 +12)  Sprsanin ¥ O aisigin-

mom.qreiz

Combining them again by the same formula and rearranging one finds:

= 3 GB+LHLED 0+ -0+ - g3(@+E) - O, 4s

nez
e r
{it{2eZs

Using the relations among ¢y, ¢, , 45 established in § 2, this reduces to:
=3 q1(B+y+20)-q;(B—y+20)- 4, (200+20) - 05

{eZs

With E={+4, this is exactly what we were to prove. Q.E.D.

To apply the lemma in our situation, we consider the sections of L'®,
which are described by functions on K(165). Let Zg be the group of
points of order 8 in K(166) (or in K(29)). For all aeK(169), leZg, set

VVaJ: Z l(n)'éa{h;}‘

neZs
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Now suppose A, 4,, A3, A,eK(168) and [,,1,, 14, l,eZg satisfy
A+ A, + A3+ A, =01+ 1, +1;+1,=0. We use the lemma to compute

WA:Jx * WA:» n* WA:, 1 * W-‘h, s

= Y L) L) 1(ns)- 1La(a) - qaAs + Az 4+ +1, =20 %
N1, M2 M3, M4 € Zg

{eZsz
4{=nmtn2tyztna

X qa(Ag+As+n+13-20) - qa(Ad + A4 +1,+1,—-20) - 6,

1
=g Y m@l—n =151 1 (1) - L () x
8 yeza tn,E.e,%;;Zs

X I3(n3) - 1 (n4) - qa(Ag+ Az +n +1y =20 x
X qa(Ay+As+0+13—-20) - qa(Ay + As+n+04—20) - O,
where g=dim X, (i.e., 8 =Card (Zy)). If, as usual, we let

ga(a, D=3 1) qa(a+n),

nely
then this works out to be

=—I‘ Z ( Z Ix(’h)z'm(’h)“)'m(4l)"l4(A1+A2—2C, lL,—m)x

g N
8 meZs MeZs
{els

Xqa(A1+A4;-201;—m)- q (A +A—2(, 1, —m)- &
= Y LE@O " k(@) qu(Ay+ A, -20 L+ 1+ E) x

kedig
{eZs

Xqa(Ag+A3—-20, 1+ L+ k) - qa(dy + 4,20, 1 1+ k) - 6.

Now since the homogeneous coordinate ring of X is an integral domain,
it follows that for all 4’s and I's as above, there are elements ke4Zg and
{eZ,s such that

4
a4+ A4+ L+ L+E)+0.
i=2

Now the triple (4,+4,, A;+A45, A,+A,) is an arbitrary triple of
elements (B,, B,, B,) in K(168) such that B, + B, + B, K(89). Similarly
the triple (/;+4,/;+1;,1;+1,) is an arbitrary triple of elements
(ks ka,y k3) in 28 such that k,+k,+k3e2Z,. Therefore, for any
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triples
{Bl’ B,,B;e K(86)

ki, ky, ky €27,
3
H‘IA(BH‘C, k;+k)+0
i=1

for some (eZ,;, ke428. But by the results of § 3 on the g’s,
42(2B, k)=q4(B,2%k)

for any Be K(84), keZ4 [where 2#k is the character (2xk) (x)=k(2x)
as before]. This proves the triple vanishing lemma. Q.E.D.
Corollary. If X,cH(L), then (b) and (b)" are true for the homo-
geneous coordinate ring
erx,r.

n=0
In particular, if ¢: X—P, is the embedding defined by the complete linear

system I'(X, L), then ¢(X), as a subscheme of P,, is an intersection of
quadric hypersurfaces.

§ 5. Examples

We shall consider 4 special cases of the preceding theory:

a) dim X=1,6=(2), char#2

b) dim X=1,6=(3), char=+3

¢) dim X=1, 6=(4), chars2

d) dim X'=2, § =(2,2), char 2.

If ecX is the origin, then in the first 3 cases, we shall take L to be
0x(2e), 0x(3¢e), and oy(4e), respectively. As is well known, these linear
systems define maps:

a) ¢: X~ P, (a double covering),

b) ¢: X< P, (image a non-singular cubic curve),

¢) @: X < P, (image a non-singular quartic curve, which is the com-
plete intersection of 2 quadrics),

d) ¢: X—P, (X a double covering of ¢ X, ¢ X a quartic surface with
16 nodes).

The fact that in case ¢), o (X) is a complete intersection of 2 quadrics
is the simplest example of Theorem 2 of § 4. Incidentally, note that in
cases b) and ¢), @ I'(X, L") is actually generated by I'(X, L): at least in

n
these cases, Theorem 1 is not the best possible result.
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Casea. H(L)=X,, and the action of the group of translations by
points of X, extends to P, so as to make ¢ commute with these actions.
This means that the group Z/2Z® Z/2Z acts on P, and this action
can be normalized by a suitable choice of coordinates in P; so that it is
given by the matrices:

((1)(1))’ ((1)—01)’ ((1)(1)) (—01(1))'

This normalizes the map ¢ among projectively equivalent maps. Since
the 4 branch points must be permuted by the action of this group, they
have coordinates:

4, —A,1/4, —1/4).

Here A is the coordinate of ¢(e), and it can be anything (except for
degenerate values 0, +1, +/, c0): moreover, the abelian variety X is
determined by A.

Case b. H(L)=X,, and the action of the group of translations by
points of X; extends to P,. Therefore, the group Z/3Z® Z/3Z actson P,,
and this action can be normalized by a suitable choice of coordinates
in P, so that it is given by the matrices:

100 1 00 1 00
(o10>, (0 ) 0), (0 w? 0)
001 0 0 o? 0 0 w
010 0 0 01 0
(001), (0 co) (0 0w2>
100 w? 0 w 0 0
001 0 1 0 0 1
(100), (u) 0>, (m20 0).
010 0 0?0 0 w 0

The image cubic must be invariant under this group, and must be con-
tained in the open set

(1,0,0), (1,1,1), (1,L,w), (1,1,0%)
P,—{(0,1,0), (1,w,0%), (L,o,1), (1,0%1)
0,0,1), (1,0%w), (@,1,1), (©2%1,1)

OO0 OO

where Z/3Z@® Z/3Z acts freely. This implies that the image cubic is
given by an equation:

X3+ Y +Z°-3uXYZ, p+l,0,0% .
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Moreover, ¢ (e) must be a point of inflexion of this curve, and it turns out
that the 9 points of inflexion are the 9 base points of this pencil of cubies:

© 1, -1
0, 1, —w
©, 1, —o?
i, o0, -1
(1, 0, —w)
(1, 0, —?
a, -1, 0

(1, —w, 0}

{1, —0?, 0).

So in this case, p{e) is completely determined (up to a finite choice) and
its coordinates do not determine X. In other words, the function ¢;, on
K(3)=2Z/3Z is independent of X in this case: but since L is not totally
symmetric, this restriction cannot come out of our theory.

Case ¢. H{(L)=X,, and we get, exactly as before, a group isomorphic
to Z/4Z @ Z}4Z acting on P,. Again, in suitable coordinates, it is the
group generated by

0100 10 0 0
0010 0i 0 0
U=looo1] ¢ Yoo -1 0
1000 00 0 —i

In this case, it will be easier to write everything down if we spell out the
connection with our previous notation more precisely. First of all, the
group generated by U, V and scalar matrices is exactly % (3), if we let
U correspond to (1;1,0) and let ¥ correspond to (1;0,x) where
yeHom(Z/4Z, k*) is defined by y(1)=i. Moreover, the affine space k*
on which U, V act is exactly V(8) if we let (g, a;, ;, 3)ek* correspond
to the function f:

f()=0;.

[One should check that the action of %(3) on V(4) goes over to matrix
multiplication.] Regard P; as the set of hyperplanes in k* (4 la GROTHEN-
DIECK), so that the following are isomorphic:

V(&) =k*=I'(P;,0(1))=I'(X,L).

Here homogeneous coordinates X, Xy, X,, X5 in P, correspond to the
points (1, 0, 0, 0), (0, 1,0, 0), (0,0, 1, 0), and (0, 0, 0, 1) in k* and to the

24 TIavent, math,, Bd, 1
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functions 8y, 8y, 8, 83 in V(3). And the 4-tuple (g,.(0), g, (1), 4.(2), ¢.(3))
is a set of homogeneous coordinates of ¢(e)eP;. To determine the
quadratic equations satisfied by the coordinates X; on ¢(X), we refer
back to the proof of Theorem 1, § 4, where the quadratic expressions
in the functions &, were expressed in terms of a basis of I'(X, L*): or,
more precisely, in terms of functions on X(28)=Z/8Z. We find

Og*Sp+0, %5, =(‘IL2(0)+‘1L2(4)) (6p+34)
G0, +8,%83=(qr2(1)+q2(5)) - (6, +35)
280 % 8, =(42(2)+4.2(6)) - (5, +5¢)
do* 03 +0, %8, =(91:(3)+4.2(7)) - (63+67)
01 %0, +03%83=(q12(0)+412(4)) - (82+35)
28, %83=(92(2)+q12(6)) - (5o +04)
So# 89— 0, %0,=(q,2(0)— ‘ILZ(4)) (80—54)
Jo* 0y —0yx 53=(‘1L2(1)““‘?L2(5)) -(61—95)
5@*53“52*51=(9L1(3)‘“‘ZL2(7}) (85—~47)
01 %8y —03% 05 =(QL2(O)"QL2(4)) (0,—36).
Therefore:
(912(2)+912(6)) - [0 % 00+ % 0,]=(q12(0) + q12(4)) - [28, % 65],
(92(0)+g12(4)) - [280 % 6,1 =(qr2(2)+ q12(6)) - [8, % 6, + 85 % 55].

Note that g,2(2)+¢.2(6)=2¢;2(2) is not equal to 0, or else the above
equations do not define an integral domain. Set 2 =(g;2(0) + ¢.2(4))/2 ¢.2(2).
Then ¢ (X) is given by the 2 equations:

XI+X3=24X,X,
X2+ X3=21X,X,.

Conversely, for any A#0, 41,4400, this defines an elliptic curve
invariant under 4(5). Now consider the coordinates of ¢(e): by sym-
metry, q.(1)=4.(3), i.e., ¢(e) lies on the plane X, =X;. Therefore it
satisfies:

qr(1)*=4 q:.(0)- q.(2)
900’ +4.(2* =244, (1)
Therefore, A can be calculated from the coordinates of ¢{e) by

i QL(I)Z

T 4.0 q.(2)
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and the g.’s themselves also satisfy:

q4.(0)° 4(2)+4.(0) - 4..(2)*=2- ¢, (D*.
This equation is the one equation to which RIEMANN's theta relations
reduce in this case: it is a simple transformation of the ancient theta
relation of JacoBl. Moreover, one can show that this is the only equation
satisfied by the g.’s, aside from the inequalities:
q.(n)+0, anyn
q.(0)+ +4q.(2).

JAcoBr’s theta relation comes out by using the usual basis for the
vector space of theta-null values:

3 [o]=a@+a@

9 [N =a+a@r=240
-
of

=q(0)—q(2)
3 [1]=am-a@=o0.

(Compare the comments at the end of § 3.) We get:

—0a4 0 4 1 4
o) =% [1] +3[0]

o) ol

Cased H(L)=X,~Z2ZDZ2ZPZ[2ZPZ|2Z. This group acts
on the P, ambient to ¢(X). In suitable coordinates, it is the group
%(2, 2) generated by the matrices:

and

01060 0010
1000 0001
coot) 1to00)
0010 0100
1000 10 0 O
0-100 01 0 O
00107 00-10
00 0-1 00 0 -1

24+
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Then ¢ X is a quartic surface, invariant under this group and containing
only a finite number of points fixed under non-trivial transformations
in this group. This implies that ¢ X is given by the zeroes of an equation:

F(x,y,z,w)=A* 4+ y* + 2 4w+ B(x yzw) + C(2 2 + 22 wh) +
+D(x* w4+ y? 2D+ E(x?* 22 + y* w?)=0.

These equations define a 4-dimensional family of quartics with no base
points: the generic member of this family is non-singular so it could not
be equal to ¢ X. But as soon as a surface in this family has 1 node, it
acquires 16 of them: namely the images of this node under the group
%(2, 2). Such a node exists if and only if

A(A4,B,C,D,E)=0

where 4 is the discriminant of F. The nodes are the points ¢(a), aeX,,
and they may exist anywhere at all in P5, except on a degenerate sub-
variety that we will not describe. Any quartic of the above type with
exactly 16 nodes and no higher singularities is of the type ¢ X for some
abelian surface X.
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